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Exact triangles in Seiberg-Witten-Floer theory. 
Part III: proof of exactness 
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1 Introduction 

In the previous parts of this work |^], [17|, we considered a homology 3- 
sphere Y and an embedded knot K. We considered manifolds Yi and Yq 
obtained by 1-surgery and 0-surgery on K, respectively. We proved that 
the oriented moduli space of solutions of the Seiberg-Witten equations on 
Y can be described as the union 

MY,i.=MY,u[jMY,{5k), (1) 

Sk 

where /i is a suitable perturbation that simulates the effect of surgery, and 
the Sk are the Spin'^ structures on Yq that reduce to the trivial structure 
when restricted on the tubular neighbourhood of the knot i^iK) and on the 
knot complement V. The irreducible components are similarly related 



M*y^^ = M*y^u\jMY,iBk), 



Sk 



as shown in |^]. 

We also proved that there is a way of assigning compatible choices of the 
relative grading, so that (|I|) gives an exact sequence of ahelian groups 



^ C,{Y^) h Cg{Y,f,) ^ 0C(,)(yo,Sfc) ^ 0. 



Recall that the grading of C(^q){YQ,5k) denotes a lifting to a Z-graded 
complex of the Z2ij.-graded complex. This lifting is determined by a com- 
patible choice of grading on (|^). This Z-graded Floer complex is analyzed 
in detail in [^. The maps j* and vr* are induced by the inclusion 

j : Myi ^ My,,,, 

and the projection on the quotient, generated by the elements of 

The analysis of the splitting and gluing of the moduli spaces of flow lines 



in [17| shows that, in general, one should not expect (|2|) to be an exact 
sequence of chain complexes: the maps j* and vr^, need not commute with 
the boundary operators of the Floer complexes. Thus, on the algebraic 
point of view, the existence of the decomposition (|l|) simply signifies that 



the existence of an exact sequence is possible: in fact, the decomposition (^) 
shows that the ranks are compatible with the existence of the desired exact 
sequence. The maps that provide the exact sequence are derived from the 
surgery cobordisms. 

In this paper we introduce maps wl and w^, induced by the surgery 
cobordisms Wi and Wq connecting Yi and Y, and Y and Yq, respectively. 
The maps wl and w^ are defined by a suitable choice of the Spin'^ structures 
5i and 5fc on the 4-manifolds Wi and Wq, that restrict to the assigned Spin'^ 
structure at the two ends of the cobordism. 

We show that wl and w'^ are chain homomorphisms, 

c,(yi)^c,(y,/z) (3) 

and 

c,(y,/x)^0c7(,)(yo,5fc). (4) 

Sfc 

We then show that the map w^ is surjective and the map wl is injective. 
The main technique is similar to the technique developed in |0] in order to 
study the behavior of flow lines under the splitting Y = V U'p2 i'{K). Here 
we consider punctured surgery cobordisms VFi\{xi} and VFo\{xo} and we 
stretch product regions T"^ x [— r, r] x R inside these punctured cobordisms, 
thus also stretching product regions T^ x [— r, r] x [0, oo) in the S^ x [0, oo) 
end near the puncture Xj. We have geometric limits and a gluing theorem 
as in [O] and we can show that, when the parameter e in the surgery per- 
turbation is small enough, the solutions on Wi and Wq have the following 
behavior. If we consider solutions on Wi with asymptotic values oi in Ady^ 
and j(ai) in j{}Ayi) C M.y,^i, and solutions on Wq with asymptotic values 
a € A1y,^\j(-^Yi) and 7r(a) in UkM-Yoi^k)-, then the corresponding compo- 
nents of the maps wl and w^ agree with those of the maps j* and vr* in (^) . 
In other words, we prove the following relations: 

{i{a'i),wl{ai)) =5a'^,a^, (5) 

for all a'l and ai in A^y^, and 

(ao,t«°(a)) =5ao,7r{a), (6) 

for ah a G My^^\j{My^) and for all oq G iJkM.Yo{5k)- 



We then prove the relation w^ o wl = 0. Again, we follow the same 
technique. We compare the geometric limits of zero-dimensional moduli 
spaces 

and 

Mf%j{a,)Ma)), 
for a G ^AY,tJ,\j{M.Y^), regarded as subsets of the moduli space 

on the composite cobordism W = Wi Uy Wq. We obtain an orientation 
reversing diffeomorphism 

Mf^(ai,a)->(f«(i(ai),vr(a)), 

which proves the relation w^ o wl = 0. The main technique consists of 
identifying the moduli spaces of solutions on the cobordisms with certain 
pre-gluing data obtained out of the explicit description of the geometric 
limits developed in Part II [0]. The set of pre-gluing data and the resulting 
moduli space can be identified up to a diffeomorphism given by the gluing 
map. The set of pre-gluing data consists of moduli spaces of finite energy 
monopoles on 1/ x R together with holomorphic triangles in a covering of the 
character variety xC^"^) of flat L'^(l)-connections on T"^, with boundary along 
arcs of Lagrangians i, £i, £* determined by the asymptotic values dooMy, 
and by the flat connections on I'iK), with or without surgery perturbation. 
In order to use dimensional arguments, we compare the formulae for the 
Maslov index in the splitting of the spectral flow, with the formulae for the 
dimension of the moduli space of such holomorphic triangles. 

Then we can complete the proof of the exactness of the sequence 

^ C,(yi) ^ C,{Y,i^) ^ 0C7(^)(yo,Sfc) ^ 0. (7) 

Sfc 

It is enough to show that @ and @, together with the inclusion Im{w\) C 
Ker{w^) determine enough relations among the coefficients of the chain 
maps that force the reverse inclusion Ker{w^) C Im^wl) to hold as well. 

In the last Section we analyze the connecting homomorphism in the long 
exact sequence 

■ • • ^ HF,{Yi) ^ HF,(Y,ij) ^ ®kHF^g){Yo,5k) ^ HF,.i{Yi) ^ • • • . 



We first show that the coefficients of A are given by the component of 
the boundary on Y that counts flow hues connecting critical points of 
AiY,^i\JiM.Yi) to critical points oi j{A4yi), of relative index one. We then 
proceed to identify this counting with the counting of zero dimensional mod- 
uli spaces on another cobordism W2 connecting Yq and Yi, satisfying the 
relation 

W = VF'2#CP^ 

where W is the composite cobordism W = Wq Uy Wi. Thus, we obtain the 
result that the exact triangle for Seiberg-Witten Floer homology is a surgery 
triangle, that is, the connecting homomorphism in the exact sequence is 
determined by a chain map ivl induced by the surgery cobordism W2, and 
the resulting diagram 

c,{Yi) ^ c,{Y,fi) ^ efcq,)(yo,Sfc) ^ a(yi)[-i] 

is a distinguished triangle. 

Acknowledgments. The first author is partially supported by NSF grant 
DMS-9802480. The second author is partially supported by ARC Fellowship. 
We thank the Max-Planck-Institut fiir Mathematik, where a large part of 
the work was done. 

2 The cobordisms 

We describe briefly the topology of the cobordisms and then introduce the 
appropriate perturbed Seiberg-Witten equations, and the corresponding 
moduli spaces. 

The cobordism Wi is obtained by removing from the trivial cobordism 
Yi X I an S^ X D = u{K) x {1}, where D is a. disk, and iy{K) is the tubular 
neighbourhood of the knot in Yi, and then attaching a 2-handle with framing 
— 1. We denote by Di the core disk of the 2-handle in Wi. Similarly, the 
cobordism Wq is obtained by removing from the trivial cobordism YqX I an 
S^ X D = i^{K) X {0} and attaching a 2-handle with framing zero. We denote 
by Do the core disk of the 2-handle in Wq . Attaching the two-handle has the 
effect of modifying the boundary component Yi x {1} in the trivial cobordism 
to the boundary component Y x {1} in the non-trivial cobordism Wi, or, 
respectively, the boundary component Yq x {0} in the trivial cobordism to 
the boundary component Y x {0} in Wq- 



Lemma 2.1 The cobordisms Wi and Wq have the following topology: 

bi{Wi) = b2{Wi) = 1 b+{Wi) = b^iWi) = 1 
6i(Wo) = b2{Wo) = 1 b+{Wo) = b^{Wo) = 0. 

The composite cobordism W = Wq Uy Wi, connecting Yi and Yq, can be 
written as a blow up W = W2#€.P'^, where W2 satisfies 

bi{W2) = 62(^2) = 1 btiW2) = b^{W2) = 0. 



Proof. Let u be a Seifert surface for the knot K in the homology sphere Y, 
da = K. In the cobordism Wi consider the surface Si obtained by attaching 
the Seifert surface and the core disk Di along the knot K, 

Si = cr Uk Di. 

The homology H2{Wi, Z) is generated by the class [Si] with self intersection 
—1. Similarly, consider the surface Sq in Wq, obtained by attaching along 
K the Seifert surface and the core disk Dq, 

T.Q = aUK Dq. 

The homology H2{Wq, Z) is generated by the class [Sq] with self intersection 
zero. The surface 

^ = DiUkD^ 

in the composite cobordism W has self intersection —1. The homology 
H2{W, Z) is generated by [S] = [Si] — [Sq] and [Sq]. The class [S] represents 
the exceptional divisor E in the blowup. Thus, the blown down cobordism 
W2 has homology H2{W2,'^) generated by a class, which we still write [Sq], 
with self intersection zero, 
o 

Notice that the surface Sq is homologous in Wq to the generator a Uk D 
of H2{Yq,'Z). The following simple calculation is useful in classifying the 
possible Spin'^ structures on the cobordisms. 

Lemma 2.2 We have H2{Wq,Y U Yq,7j) = Z generated by a surface Sq 
in Wq with OSq = 7, with [7] the generator of Hi(Yq,Z). The class [Sq] 
introduced above, which generates H2{Wo, Z) is trivial in H2{Wo, Y U Yq). 

Moreover, we have H2{Wi,Yi U y, Z) = Z generated by the image of 
the class [Si] which generates H2{Wi,7j), and H2{W,Yi U Yq,7j) = Z © Z, 



generated by the class E of the exceptional divisor of the blow-up and by [Sq] . 
Again, the class [T,q\, which is non-trivial in H2{W,7j), is mapped trivially 
to H2(W, YiUYo,Z). Finally, we have i?2(H^2, YiUYo,Z) =Z generated by 

Po]. 

Proof. The results simply follow from the exact sequence in homology. We 
have 

Hs{Wo,YuYo,Z)^Hi{Wo) = 0, 

hence we have 

^ H2{Yo,Z) ^ H2{Wo,Z) -^ H2{Wo,YUYo,Z) -^ Hi{Yo,Z) ^ 0. 
Similarly, we have 

^ H2{Yo,Z) -^ H2{W, Z) -^ H2{W, Yi U Yq, Z) -^ Hi{Yo,Z) ^ 
which is of the form 

o 

Thus, we obtain the following result. 

Lemma 2.3 We have an identification of the Spm"^ -structures on Wq and 
Wi given by 

S{Wo) = {5k}kez, 

with 

Sk ^ ci(detVF'+) = 2k eo = 2kPDwo[^o], 

with [So] the generator of H2{Wo,Y [JYo,Z). Similarly, we have 

S{Wi) = {5i}eez, 

with 

5e ^ ci(det W+) = {2£ + 1) d = (2£ + l)PDw, Pi], 

with [Si] the generator of H2{Wi,Yi \JY,Z). Moreover, we have 

S{W) = {5e,k}e,ke^, 

with 

5e,k ^ ci(det W+ J = {2e + l) e + 2k cq, 



where we have e = PDw{E), and E is the image of the class [Si — Sq] in 
H2{W,Yi UY,Z). Similarly, we have 

S{W2) = {SfclfcgZ- 



Proof. The result follows from the previous Lemma with the additional 
observation that in Wi we have Si with self intersection Sf = —1, hence 
the Spin'^ structures have odd Chern class {2i + l)i-'Dty^[Si]. o 

In the case of Wq, W2, and W, the Spin"^ structure Sk or Si^k restricts to 
the end YqX [Tq, co) of the cobordism to the pullback of the Spin"^ structure 



Sfc in S{Wo). All the Spin'^ structures of Lemma 2.3 restrict to the trivial 



Spin'^ structure on the cylindrical ends modeled on Y or Yi. 

2.1 Splitting of the cobordisms 

In the following, we shall introduce moduli spaces of Seiberg-Witten equa- 
tions on the cobordisms. Our purpose is to apply to the moduli spaces on 



the cobordisms the same techniques we developed in [17|, in the study of the 
moduli spaces of flowlines, that is, of monopoles on the trivial cobordisms. 
Thus, it is convenient to consider the manifolds Wi and Wq endowed with 
infinite cylindrical ends Yi x (—00, —Tq] and Y x [Tq, 00), and Iq x [Tq, 00) 
and Y x (—00, —Tq], respectively, with metrics gy + dt'^ and gy^ + dt'^. More- 
over, we shall assume that the 3-manifolds Yi, Y, and Yq are endowed with 
metrics with a long cylinder T^ x [— r, r], as specified in Q. 

We can then think of the cobordisms as endowed with a metric which 
restricts to the flat product metric on the region T^ x [— r, r] x M. More- 
over, we can identify in the cobordisms Wi a product region y x M, on the 
complement of a tubular neighbourhood of the knot, where the cobordism 
is trivial. Thus, we can decompose the cobordisms Wi as 

W^ = VxR Ut2xr T^ X [-r, r]xR U^axK Wiii^iK)). (8) 

The non-compact region Wi{i'{K)) has the following property. There is a 
compact set /C in Wi such that the intersection ICr\Wi{i'{K)) is obtained by 
attaching a 2-handle D x D to the product J^(i^) x [—Tq,Tq], and, outside 
of /C, the region /C^ fl Wi{i'{K)) consists of product regions I'iK) x [Tq, 00) 
and i^{K) x (-00, -Tq], and T^ x [ro,r] x [-ro,ro]. 



In the cobordism Wi consider an interior point Xj contained in the core 
disk of the 2-handle, Xj G Di. As in 0, we denote by Wi the punctured 
cobordism Wi = Wi\{xi}. Similarly, we can consider the punctured mani- 
fold 

Wi{u{K)) = WMK))\{xi}. 

In the manifolds Wi{i'{K)) we can identify a product region 

V = iy{K)r, xR^Dx {Di\{x,}). (9) 

This corresponds to endowing the manifold Wi with an extra asymptotic 
end of the form S"^ x [0, oo) at the puncture. Thus, we identify the manifold 
Wi with a connected sum 

W^ = Wi#Qi, 

with a long cylindrical neck S"^ x [—T{r),T{r)], and with Qi a 4-ball, as in 

§• 

Consider the sphere S^ decomposed as the union of two solid tori in 
the standard way, S"^ = u U D, with u = u = D x S^. Then the product 
region V of (^) in Wi identifies the standard solid torus ly in S^ with the 
neighborhood i^{K) of the knot K in Y, and, similarly, the other solid torus 
u in S^ is identified with the tubular neighbourhood iy{K) in Yi, after the 
surgery. This is illustrated in Figure ffl. 

2.2 Metrics and perturbations on the cobordism 

The results of this subsection are based on the metric deformation Lemma 



that Liviu Nicolaescu kindly communicated to us, |23|, and that we enclosed 
in Part I [g. 

Lemma 2.4 Let A be an element in SL{2,'L). Suppose given e > suffi- 
ciently small. Consider the metric on T^ given by 

90 = A*g, 

where g is the standard flat metric as before. There exists a constant 5 > 
and a smooth path g(s) of flat metrics on T^ vuith the follovuing properties: 

(i) g{s) = jjgo, for all s < e; 

(ii) 9i =5(1) is a metric of the form 

gi = kidu + k2dv 




VxR 





Figure 1: The decomposition of the punctured cobordism Wi 



IS 



for ki positive constants; 

(Hi) g{s) = gi for all s > 1 — e; 

(iv) The scalar curvature of the metric g = ds'^ + g{s) on T^ x 
non-negative. 

(v) The metric gi can be extended to a metric inside the solid torus v{K), 
which we still denote gi, that has non-negative scalar curvature. 

The constant 5 is given by 5'^ = go{du,du). 



Using this result, when we construct the manifold Yi from Y, by re- 
moving a tubular neighborhood i^{K) and gluing it back along T^ with the 
matrix A E SL{2, Z) prescribed by the surgery, we can consider the same 
metric on the knot complement V, with an end isometric to T^ x [0, oo), with 
the metric g + ds"^. On the other hand, on z^(i^) we can consider the metric 
S'^{g{s) + ds^), with g{s) constructed as above, with the parameterization 
chosen in such a way that we have 



9{s, 



1 .* 



10 



on the end T^ x [5~^ro,oo) and g{s) = gi near T^ x {0}, extended to a 
positive scalar curvature metric inside the sohd torus. 

With this choice of metrics, we stih have the decomposition of the moduh 
spaces of critical points of the CSD functional, as proved in Part I, [^. 
Moreover, this particular choice of metrics allows us to describe the choice 
of metrics on the cobordisms. 

Consider first the trivial cobordism Yi x M. In the limit r ^ oo this 
splits as y X M, with an end of the form T^ x M+ x M with metric g + 
ds^ + dt^, and v{K) x R, with an end of the form T^ x M+ x R with the 
metric 5'^{g{s) +ds^) +dt^, as described above. Now consider the punctured 
cobordism Wi. This contains a product region vxM. which connects the solid 
torus i'{K) C Y with a solid torus i^ C 5'^ at the puncture. On this product 
region we consider the metric G := g + 6'^ds'^ + dt"^, with g the standard flat 
metric on T^ extended to a non-negative scalar curvature metric inside the 
solid torus as described in Q. The other product region P x M connecting 
the solid torus I'iK) C Yi with a solid torus P inside S^, is glued in the 
punctured 2-handle, along a region T^ x R, with framing one. Thus, on 
this product region we can consider the metric G{s) := d'^{g{s) + ds"^) + dt'^ 
described above. These regions are illustrated schematically in Figure Q, 
with a lower dimensional picture of the punctured handle. 

Our purpose is to define chain maps between the Floer complexes of the 
3-manifolds using the Seiberg-Witten equations on the cobordisms, and to 
adapt the techniques of [17| to analyze these chain maps, by understanding 



their asymptotic limits under the splitting of the cobordisms illustrated in 
the previous section. Thus, we need to introduce a suitable perturbation of 
the Seiberg-Witten equations on Wi which is compatible with the pertur- 
bations of the Chern-Simons-Dirac functional on the manifolds Yi and Y, 
described in |Q. 

Recall that on Yi we have perturbed flow equations of the form 

where [Ui, Vi) is a pair of functions in the class Vs described in g, that is, 
it becomes exponentially small along the cylinder T^ x [— r, r] inside Yi, and 
is exponentially small on the solid torus i^{K) C Yi. All the notation we use 
here follows H- 
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V (K)in Y, 




v(K)inY 



2 1 
DXS 

Figure 2: Product regions and metrics on the punctured 2-handle 



The equations (^) can be written equivalently as the four dimensional 
equations on Yi x M, 



with 






N 



j=l 1 



(11) 



(12) 



K 



dVi (1) 






(13) 



As in 1^], we consider similarly perturbed equations on Y, with the ad- 
ditional surgery perturbation on the solid torus I'^K) C Y. Thus, on Y we 
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have flow equations 

(14) 



f)A r)TI 

— = _*FA + ^(v,,v.) + Ef=i^/^, + /'(r^w)*M 



<9V K dV 



with 



TA{z) = -i (A-Ao). 

'{zeD2}x5i 



Here the function /', which depends on the choice of a small parameter 
< e < eo, is constructed as in [^, /i is a compactly supported 2-form, and 
([/, V) is a perturbation in the class Vs on Y. 

The equation ( p^ can be written equivalently as 

r F+ = r(^,vI/)+Pf(A*)+/'(T^)/^+ 

where fi^ is the self-dual part of the pullback of fi along the projection 

We discuss a choice of perturbation on Wi which behaves nicely under the 
splitting of the cobordisms and restricts to the prescribed perturbations on 
the asymptotic ends. Consider the case of Wi. The case of Wq is analogous. 

The manifold Wi has a cylindrical end Y x [To,oo) and a cylindrical 
end Yi x (— oo,— Tq]. Consider a cutoff function xi^) which is xi^) = 1 
for t > Tq and x(^) = for ^ ^ ^o ~ 1- In the following we shall use 
the notation xit) = xi~t)- Consider, on the cylindrical ends Y x [To,oo) 



and Yi x (— oo, — Tq] of Wi, the equations ( pT| ) and (15), respectively. Now 
consider the manifold 1/ x M, endowed with an infinite end of the form 
T^ X [0, cxo) x M. Notice that on this region inside the manifold y x M it 
makes sense to define the temporal gauge condition for pairs {A,"^). We 
denote by {A{t),^p(t)) a temporal gauge representative of the gauge class of 

(A*). 

On V we can also introduce perturbations in the class Vs, as described 
in Section 3 of[P]. 
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This gives a choice of perturbation on T4. x M inside Wi, for large r > rg. 
Namely, we consider on 1^ x M the equations 



Da-^= {1-X-X)P^{A,-^) 

+xP^'{A,-^) + xPl{A,-^). 



(16) 



This matches the perturbations ( |ll| ) and ([iq ) on F x [To,oo) and V x 
(-00, -To] inVFi. 

On the product region V of @, which connects z^(i^) C 1" to the solid 
torus i^ C 5^, we consider the Seiberg-Witten equations with the surgery 
perturbation, namely the equations 

( F+ = t{^, ^) + /'(T^)m+ + xP[iA, ^) 
\ DA^ = xPi^iA,^). 

On the product region V inside Wi{i'{K)) that connects the solid torus 
D in S^ to i^{K) in Yi, we consider equations 

( FX = t{^,^)+xPiHA,-^) 
\ Da^ = xP2'{A^). 

In the case of Wq, if we consider Yq with the trivial Spin'^-structure, the 
perturbation along the cylindrical end Yq x [Tq, 00) includes a perturbation 
po with [*po] = r]PDYo{Tn), with respect to the *-operator on Yq, with rj > 
as in P] and m the generator of the first homology group of Yq. 

Throughout the paper, when we consider finite energy solutions of the 
Seiberg-Witten equations on the cobordisms Wi, we will mean finite energy 
solutions of the Seiberg-Witten equations on the punctured cobordisms Wi, 
as in Definition |2.5| below, with the perturbations introduced here, and with 
a removable singularity at the puncture Xi, that is, such that they extend 
to solutions on Wi. 

In the following, we shall analyze the behavior of finite energy solutions 
on Wi, when stretching r — > 00 in the cobordism 

W^{r)=VrXRUV{r)UV{r), (19) 

with V(r) = z^r xM and V(r) = Dj-xM, the product regions inside Wi{i'{K))r. 
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In particular, with the choice of perturbation discussed here, a finite 
energy solution on Wi will have an asymptotic value 

ai = [^1,^1] gA^Yi 

on the Yi end, and 

a= [A,ip] eMY,f„ 

on the other end of the cobordism, with the moduli spaces of solutions of 
the perturbed equations on Y and Yi as in g. Similarly, a finite energy 
solution on the cobordism VFq will have asymptotic values 

a= [A,^] eMY,f„ 

ao = [Ao,4)o] G MYoisk). 
Thus we can define moduli spaces M^^{ai,a) and 7W^°(a,ao) as follows. 

2.3 Finite energy monopoles and virtual dimension 

We consider finite energy solutions of the perturbed equations introduced 
above, on the punctured cobordisms Wi, with a removable singularity at 
the puncture Xj, that is, such that they extend to solutions on W^. More 
precisely, we have the following. 

Definition 2.5 Consider the manifold Wi, as a complete Riemannian man- 
ifold with infinite cylindrical ends. Consider a fixed choice of the Spin'^ struc- 
ture. Write C for any of the cylindrical ends of the manifold Wi. A solution 
(^, ^) of the Seiherg-Witten equations on the manifold Wi is of finite en- 
ergy, with a removable singularity at the point Xi, iff on any of the cylindrical 
ends C the solutions {A, ^) in a temporal gauge satisfies the condition 

\dtA{t)\^ + \dMt)\^ <oo. 

c 



The analysis in Section 3 of [ 19 1 of the asymptotics of finite energy solu- 
tions on a trivial cobordism y x M carries over to the present case and shows 
that finite energy solutions on the manifolds Wi decay along the cylindri- 
cal ends to asymptotic values {A, ip) satisfying the 3-dimensional Seiberg- 
Witten equations on the boundary 3- manifolds. Moreover, if the asymptotic 
value is an irreducible critical point, then the rate of decay is exponential. 
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with the exponent determined by the first eigenvalue of the Hessian at the 
critical point. 

Thus, we define configuration spaces Ak^siWi) and the group of gauge 
transformations Gk+i,6{Wi) and consider finite energy solutions in the quo- 
tient space. The configuration space Ak,s{Wi) consists of pairs {A,'^) on 
Wi that are of finite energy, with a removable singularity at Xi, and with a 
rate of decay with exponent 5 along the cylindrical ends modeled on Y and 
Yi. Since the asymptotic limit along the end 5^ x [0, oo) at the puncture Xi 
is the unique reducible solution Ogs on S^, we can define moduli spaces 

MY/{ai,a) and M^»(a,oo) 

of solutions in Ak,siWi) modulo gauge action, which depend only on the 
asymptotic limits at the two ends of Wi and on the Spin'^ structure on Wi. 
We can estimate the virtual dimension of these moduli spaces of solutions. 

Lemma 2.6 Consider the linearization I^(^^>ii) of the Seiberg-Witten equa- 
tions at a solution {A,"^) on (Wi,S£), with asymptotic values ai = [Ai,ipi] 
and a = [A, tp] on the boundary three-manifolds Yi and Y . The index of 
'^{A,^) is given by 

Ind{V^A,m) = ^(ci(det(s,))2 - 2x{Wi) - 3a{Wi)) + ^iYi,ai) - ^{Y,a), 

where the last two summands are the APS p-invariants ^ of the extended 
Hessian operators Hfj\^-^^^^\ and Hiji^^^y The grading analyzed in J^ satisfies 

degy^(ai) = —^CSDYAai) + ^{Yi,ai), 
up to redefining the CSD functional by a global additive constant. 

Proof. In the case of a solution {A, ^) on the trivial cobordism Y x I, with 
asymptotic values a = [Aa.,ilJa] and b = [j4fe,^fe] on Y, we have 

degy (a) - degy (6) = /nd(P(^,^)) = ^li^^M! + |(y, „) _ |(y, ^ 



167r2 



\ I F,,AF,, + ^{Y,a)-^{Y,b) 



^{CSDiA,,i;h) - CSD{Aa,^a)) + ^iY,a) - ^{Y,b). 
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See the energy estimates in ||T^ (cf. [|l[|, |^). This virtual dimension of 
Seiberg-Witten moduh spaces on four-manifolds with boundary is computed 



explicitly in |22|, in the case of Seifert fibered spaces, where a particular 
choice of metric makes it possible to compute p{Y-, o) explicitly. 

By the results of [^ , the choice of the grading on Yi determines uniquely 
the grading degy^^ on Y , up to changing the functional CSD by a global 
additive constant. The grading degy^^ also determines [^ the choice of the 
grading degy^ on Yq. For the properties of the Floer complex on Iq see also 



We define the expression 
i{5i,Wi,ai,a) = }-{ci{dei{5,)f-2x{Wi)-MWi)) + ^{Yi,ai) - ^{Y,a) 
in the case of Wi. Similarly, in the case of Wq, we define 

t(5fc,W^o,a,ao) = -AJ ci(det(5fc))2 -L(VO)) - \{x{Wq) + <y{W^)) 
4 JWo ^ 

+^(y,a)-^(yo,ao), 

where V'^ is the metric compatible connection, which along the end Iq ^ 
[To, oo) has the form dt®dt + V°.(This is analogous to the case of [|^], but 
in our setting the connection V'' is simply the metric connection with no 
adiabatic rescaling.) The expressions 

L{5i,Wi,ai,a) and i(-Sfc, Wq, a, oq) 

compute the virtual dimensions of the moduli spaces 

MY,'{ai,a) and Mf^'{a,ao). 

Notice that, in the case of VFq, the Spin'^-structure may be non-trivial along 
the end Yq x [ro,oo). This has the important consequence that the virtual 
dimension i(sfc, Wq, a, ao) is only defined modulo the integer d{sk), with d{5k) 
satisfying 

ci{det{5k)){H2{Yo,Z)) = d{5k)Z, 

that is, in this case, d{5k) = 2k. This ambiguity corresponds to different 
components of the moduli space of solutions of the Seiberg-Witten equations 
on Wq, with different energies. The minimal energy component corresponds 
to the minimal non- negative value of t(sfc, Wq, a, oq)- 
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2.4 Compactification and invariants 

Under a generic choice of the perturbation, we can assume that all the 
moduli spaces Ai^^{ai,a) and A4^°{a,ao) are cut out transversely, of di- 
mension L{5£,Wi,ai,a) and L(5k,Wo,a,ao), respectively. Unless otherwise 
stated, when we write Ai^'^{a, ao), we only consider the component of min- 
imal energy, with dimension i(5fc, Wq, a, oq). 

The following description of the compactification of A4^^{ai,a) and 
A4^o(a,ao) follows from the main gluing theorem proved in [^, together 
with the results of the previous subsections. 

Proposition 2.7 Suppose given a non-empty moduli space M-^'^'{a,ao) of 
dimension 

'-(Sfc,W^o,«,«o) = n > 0, 

with a E -A^yu- Then A4^''{a,ao) admits a compactification to a manifold 
with corners, where the codimension 1 boundary strata consist of 

UceA4* >iy,^(a,c) x>I^o(c,ao) 

(20) 

and A^y 5 (co,ao) ^^ the minimal energy component of the moduli space 
^Yo,Sk{'^o,(^o), o,s discussed in j7^/ . // the reducible point c = 9 satisfies 



degy,^(a) > degy_^(6l), 
then we also have an extra component in (p^ of the form 



MYA^,d) X ^7(1) X M'^'{e,ao) (21) 

with a U{1) gluing parameter. 

We have a similar compactification of Ai^^{ai,a) of dimension 

L{i,Wi,ai,a) = n > 0, 

for ai G My ^''^d a G -^y a' ^^^^ codimension 1 boundary strata of the 
form 

UceM* M^^{ai,c)xMY,f,{c,a) 

^ (22) 

Ucie.M;,^ MyAa^ci) x M^i(ci,a), 
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and with extra components 

MYAai,Oi)xU{l)xMY,'(.Oi,a) 

(23) 
MY^'{ai,e) X U{1) X MvA^^a), 

when splitting through the reducihles. 

The Proposition follows from the main gluing theorem of |19]. The 



fact that only the minimal energy component, among the components of 
-^Y'o('^'^O) oo)) occurs in the compactification of A1^''(c, ao) is explained in 



the following, in the proof of Lemma 4.3 



For later use, we also need the following. 

Corollary 2.8 If we have t(s^, W^i, ai,a) = 1, or i(sfc, Wq, a, oq) = 1, with 
ai G My ; o £ -^Ya' ^''^^ ^0 £ ■M.Y^^{5k), then the boundary strata are given 



by (2i) and A2W, as in the compactification of Proposition 2. 1 , with ci and 



c irreducible. 

Proof. We need to show that the components ( |2l| ) and ( [2^ ) do not occur 
in the compactification. This follows by dimensional arguments, o 

We can define numerical invariants associated to the zero-dimensional 
components of the moduli spaces A1^^(ai,a), and A1^'^(a, oq), with ai G 
M*Y^, a € M*Y^^, and oq G UfcXyo(5fc). 

Recall that these moduli spaces come endowed with an orientation, given 
by the trivialization of the determinant line bundle of the linearization of the 
Seiberg-Witten equations. Some care is needed in defining the orientation 
in the case of non-compact 4-manifolds with infinite cylindrical ends. The 
necessary details can be found in |22|. The orientation is compatible with 



the compactification of Proposition 2.7. Throughout this discussion we shall 



always assume that the perturbations are chosen so that all the moduli 
spaces are cut out transversely by the equations. 

According to Proposition p.7| of the previous section, in the case of 
i(5£, Wi,ai,a) = 0, or i{5k,WQ,a,aQ) = 0, the moduli spaces A4^i(ai,a) 
and A^^o(a, oq) consist of a finite set of points with an attached sign given 
by the orientation. Thus, we can define 

Ar]fn«i,«) or iVif°(a,ao) 

as the algebraic sum of the points in A4^i(ai,a) and A^^°(a, ao), respec- 
tively. If we have t(s£, Wi , ai , a) < and either a or oi is irreducible, or if we 
have t(sfc, Wq, a, oq) < 0, then the corresponding moduli space is generically 
empty, so we just set the corresponding invariant equal to zero. 
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3 Geometric limits 

In this section we describe the geometric Hmits of finite energy solutions on 
Wi when stretching r — s- cxd inside the cobordism 

Wi{r) = Vr xMUV(r)UV(r). 

The analysis is very similar to the analysis of the geometric limits of flow 



lines in |17] 



We give the general description of the geometric limits. We describe 
the case of the cobordism Wi. Simple modifications adapt the argument 
to Wq. We shall omit here the parts of the argument which are completely 
analogous to the case discussed in |jl^ . We assume that the metric is chosen 
as discussed previously. 

Proposition 3.1 Consider a family [Ar,'^r] of finite energy solutions of 
the Seiberg-Witten equations on the cobordism Wi{r), with the choices of 
perturbation as discussed previously. Assume that the [Ar, ^r] have asymp- 
totic values oi = [Ai,'0i] and a = [A,tp] on the ends modeled on Yi and Y. 
By ^, these asymptotic limits can be written as 

{Au^l^i) = {A[,i;[)#,-ia-,0), 

and 

(AV') = (^',V'')#a+(a+,0), 

for large r > r^. 

Let -i?! in xo(^^)^i) denote the intersection point between the lines {v = 
0} and {v — u = 1}. 

We have the following types of geometric limits of [Ar, ^r], as r —> oo. 



(a) A finite energy solution {A',"^') of the perturbed equations (11) on 
V xM. In radial gauge, this solution decays in the radial direction to a flat 
connection a'^ on T^, 

a'^GXoiT^V). 

In a temporal gauge on V x M, {A',^') converges to elements [A,ip] and 
[Ajip] in Aiy as t ^> itcxo, with 

doo[A,i^]=a'^ = doo[A,i>]. 

(b) Non-uniform limits on V x M. given by paths [A{t),'il:{t)] in My 
connecting [A^ip] to [A'^,ip'-^ and [A^tp] to [A' ,ip'\, and by a function ay ■ 
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D^ -^ XoiT'^^y); holomorphic on some neighbourhood of the half disk D~^ , 
which agrees on the subset 9 E {— 7r/2,7r/2} of the boundary of D^ with the 
asymptotic values doo[A{t),tp{t)] =: a{t) of the paths in Aiy. 

(c) A fiat connection a'^ on T^, obtained as a finite energy solution of 
the equation 

on the product region V = ^{K) x M with an infinite end T^ x [0, cxd) x M. 

(d) A flat connection d'^ on T^, obtained as a finite energy solution of 
the unperturbed equations (wqj on the region 



Wiiu{K))\V 

with an infinite end T^ x [0, oo) x M. 

(e) Non-uniform limits on the ends of Wi{i'{K)) given by a path a"{T) 
in 

MlfK) = {u-v = l}, 

for T G [—1, 1], with a"(— 1) = a~, a"(0) = d'^, and d"[\) = t?i, and a path 
a"{T) in the perturbed 

for T G [-1, 1], with a"{-l) = i?!, a"(0) = a'^ and a"(l) = a+. 

(f) We also have a map a^rx) • D^ — > H^(T'^,'R), holomorphic on some 
neighbourhood of the domain 

Dt = {p€[loge,0],ee[-7r/2,7r/2]}. 

Upon identifying r = e^sin^, this map agrees with the path d"{T), for r G 
[—1, — e] and with a"{T) for r G [e, 1], on the subset 

9 G {-7r/2,7r/2} and p G [loge,0] 

of the boundary of Df . 

(g) A "thin holomorphic triangle" A(a'4,, a'^,, "f^i) in the character variety 
Xo{T'^,V) (cf. ^ pg.234), with vertices {a'^,d'^,'di} and with two sides 
along the lines {v — u = 1} and {v = /'(n)}, with the parameterization 
d"{T) for T G [0, 1] and a"{T) for r G [-1,0]. 

(h) A limit on compact sets in the region T^ x [— r, r] x R, given by a 
flat connection Ooo on T^, and a non-uniform limit after rescaling, given by 
a map a : D —>■ H^ (T^ , iR) , holomorphic up to the boundary, matching the 
values of av and a^(^x)> '^•^ described in ^] 
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Proof. The result follows from the analysis of the convergence of flow 



lines in |T^. The limits (a), (b), (f) and (h) are derived exactly as the 
analogous cases in |]l^. The case (c) describes the limit of the solutions 
{Ar,'^r), uniformly on compact sets, in the product region V(r) as r — > 
oo. Up to gauge transformations, and up to passing to a subsequence, the 
solutions (Arj'^r) converge smoothly on compact sets in V{r) to a finite 
energy solution of the perturbed abelian ASD equation 

F^ = /'(T^)/i+ 



on the strip V with an infinite end T^ x [0, oo) x M. By the analysis of |17], 
this is (up to gauge) a constant flat connection a'^ on T^, with holonomies 
satisfying v = f'{u). Similarly, the case (d) describes the uniform conver- 
gence in V(r). The solutions {Ar,^r) converge smoothly on compact sets 
in V(r) to a finite energy solution of the unperturbed abelian ASD equation 
on the region V with an infinite end T^ x [0, oo) x M. Again, by the anal- 



ysis of 1 17 1 we see that this is up to gauge a constant flat connection d'^ 
on T^ contained in the line {v — u = 1} in xo(^^)^i)- Case (e) describes 
the non-uniform limits in the regions V(r) and V(r), away from compact 
sets, after suitable rescaling as described in [|l^]. We have V = zJ x M and 
V = I' xM, connecting the two solid tori u and z> in the standard Heegaard 
splitting of 5^ to the solid tori i^{K) in Yi and Y, respectively. Thus, we 
can adapt the analysis used in |l^ for non-uniform limits on i^{K) x M. 
After a suitable rescaling, we resulting non-uniform limits in the region V 
consist of a path d"{T) along the line {u — v = 1} in xo{T'^, V) and a map 
di^ : D^ —5- H^ (T'^ , iM.) , holomorphic in a neighbourhood of D^, which agrees 
with a" along the subset 

6'G {-7r/2,7r/2} and pG(-oo,0] 

of the boundary of D^ . Similarly, the non-uniform limits on V, after rescal- 
ing, consist of a path a"{T) along the curve v = f'{u) in xoiT'^iV) and a 
map Qu : D^ -^ if^(T^,iM), holomorphic in a neighbourhood of D"*", which 
agrees with a"{T) along the subset 

6'e {-7r/2,7r/2} and pG(-oo,0] 

of the boundary of D'^. 

The thin holomorphic triangle of Case (g) is obtained by the overlap of 
these two regions, with the vertex 'di at the flat connection on T"^ = du = dv 
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which extends to both sides of the standard Heegaard sphtting of S^ to give 
the unique reducible solution on S^. That is, we have 6s'-^\t'^ = ''^i- Notice 
that, in general, the flat connections a'^, a'^, d'^, Uoo, a^, and a^ on T^ 
are all distinct. 



3.1 The holomorphic triangles 

This subsection contains some observations on the holomorphic triangles 
that appear among the geometric limits of solutions on the cobordisms, as 



discussed in Proposition 3.1. A better understanding of these triangles will 
be very useful in analyzing the different properties of the coefficients of the 
chain maps defined by the cobordisms Wi, Wq, and W. 

In the following, let e be the parameter used in the construction of the 
surgery perturbation. 

Definition 3.2 Consider the unique holomorphic triangle A'' with vertices 
{a~ ,-di,a^} and sides along the curves ii = {v — u = 1}, i^ = {v = 
f'{u)} and i = dooi-^v), defined by the geometric limits ay, a^ip^\, a, and 
A(a^, I?!, o^) of Proposition [g. j| . We say that the triangle A*^ is degenerate 
if the holomorphic map obtained as a limit of the triangles A*^, as e ^ is 
a disk A with boundary along arcs of li and (. connecting the vertices a~ 
and a^. We say that A'^ is non-degenerate if the holomorphic map obtained 
as a limit is a triangle A with boundary along arcs of ii, Ukik, <ind i, with 
Ufc4 = {u = 2k,k gZ}. 



Lemma 3.3 Suppose given oi and oi in A4yi, o, E 7Wy^^\j(A^y^), and 
ao € Myoisk)- Then the holomorphic triangles that appear in the geometric 
limits of solutions in the zero- dimensional moduli spaces M^ ^(ai,i(fli)) o-nd 
A4f, °(a, ao) are all degenerate in the limit e —f 0. 



Proof. The triangle A*^ has two sides along arcs of the lines {v — u = 1} 
and {v = f'{u)} connecting t?i and a^ and ^i and a"*", respectively, with 
the parameterization of Case (e) of Proposition |3.1| . If for e ^ the points 
{t?i, a~, a"*"} all lie on the same line {v — u = 1}, then the holomorphic map 
in the limit is a disk with one side along the arc in {f — u = 1} connecting 
a~ and a"*" and the other side along an arc in 5oo(A^v') connecting these 
same two points. Thus, the limit triangle is degenerate. 
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Now observe, instead, that when we consider solutions on the cobordisni 
that intertwine the generators of the Floer complex for Yi with those for 
Yq, we may have holomorphic triangles that do not degenerate in the limit 
when e ^ 0. 

Lemma 3.4 Suppose given, as before, critical points ai and ai in My > 
ao(€) G ■M.Y,fi\j (Myi) , and uq £ M.Yoi^k)- Consider zero- dimensional mod- 
uli spaces of the form M.^ ^(ai,ao(e)) and A1^ °(ai(e), ao), with a\{e) = 
j{ai). Then, in general, the limit holomorphic map will still he a triangle. 



Proof. 

Suppose given ai in J^y^ and ao(e) € A^y,^\j(-^yi)) and consider the 
geometric limits of solutions in a zero dimensional moduli space AA.^ ^ (oi, a). 
We still may have holomorphic triangles that degenerate in the limit e — > 0. 
By the open mapping theorem, this happens whenever two sides of the 
boundary of the holomorphic triangle are mapped together as e ^ 0. How- 
ever, since the pair of points ai and oq = limeao(e), or ai and oq, are 
now on two different lines in //^(T^,M), we can also have non-degenerate 
holomorphic triangles, 
o 

The existence of these non-degenerate holomorphic triangles, that are 
not "thin" for small e, characterizes the difference between the chain maps 
induced by the cobordisms and the homomorphisms of abelian groups de- 
fined by inclusion and projection, as described in Part I Q, as we shall 
see when discussing injectivity and surjectivity of the maps in the exact 
sequence. 

4 The chain homomorphisms 

In this section we introduce the chain homomorphisms w\ and w^. 
First we observe that we have an analogue of the formula 

N^{-5) = (-l)(i+^JW-^i(^))/2iV^(s) (24) 

that holds for compact 4-manifolds. The version we need is given by the 
following statement. 



24 



Lemma 4.1 On the manifold Wi we have 

Thus, if s £ S{Wi) satisfies 

L{5,Wi,ai,a) = 0, 

for given ai E Ady and a € My^j then — s is the unique other Spin'^ 
structure in S{Wi) which satisfies L{—5,Wi,ai,a) = 0. The corresponding 
invariant satisfies 



Proof. The proof for the dosed manifold case [pH] adapts to this context, 
with fixed asymptotic values, and compatible choice of admissible sections. 
In fact, the sign is given by the change of orientation, and the orientation is 
compatible with the boundary strata. 
o 

Notice that the same argument does not extend to the case of the man- 
ifold Wq. In fact, in the case of Wi changing s to — s does not change the 
Spin^ structure on the boundary Y UYi, whereas, in the case of Wq, chang- 
ing s to — s amounts to changing the Spin'^ structure on Yq. On the other 
hand, on Wq or W2 we simply do not have solutions in A4^ ° and in M_j^ 
with the same asymptotic values. 

Let ai = [^1, ^1] be a class in My^ , and a = [A, ip] a class in -My , such 
that the gradings, assigned according to p, coincide 



degy,(ai) = degy_^(a). 

Then we consider the zero dimensional moduli spaces 7W^^(oi,a) with Si, 
£ > 0, satisfying L{si,Wi,ai,a) = 0. Similarly, for oq = [AqjV'o] in some 
■^Yoi^k) with compatible grading 

degy,/,(a) = degyj,g^(ao), 

we consider the zero dimensional components 

7W^o(a,ao) with i(sfc, Wo,a,oo) = 0. 

Recall that we have invariants A'^ ^(ai,a) and A'^^ °{a,aQ) defined by 
counting points with the orientation in M.^^{ai,a) and 7W^°(a,ao), re- 
spectively. 
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Definition 4.2 We define the map wl : C■^,{Yl) —>■ C^:{Y,fi) with matrix 
elem,ents 

{a,wl{ai)) = N^'{ai,a), 

with i is the unique non-negative Spin'^ structure satisfying i(s^, Wi,ai,a) = 
0. 

We define the map w^ : C^{Y, fi) —i- ®fcC'(*)(^0)Sfe) with the matrix coef- 
ficients 

(ao,^°(a)) = iVf»(a,ao). 



Thus, we choose to define the map wl using only the "positive" Spin"^ 
structures, ci(det(5)) = {2i + l)ei, with ^ > 0. 

Lemma 4.3 The maps wl are chain homomorphisms. 



Proof. Suppose given a Spin'^-structure Si G Si, with ^ > 0, satisfying 

L{se,Wi,ai,b) = 1. 

We have a compactification of the moduh space M^^ (ai, b) by boundary 
strata of the form 



U MY/iai,a)xMY{a,b) 



«e-^y,M 



and 



bieM*Y^ 



as in Proposition ^J and Corohary p.8| . Here a and bi satisfy 

degy,/,(a) - degy_^(6) = 1, 
degY,(ai) -degy^(6i) = 1. 

The moduh spaces 7V4y-^(ai, 6i) and A4y(a, b) are gauge classes of flow lines 
on Yi and Y respectively, modulo the action of M by translation. The 
counting of boundary points of the 1-dimensional A4^^{ai, b), with the ori- 
entation, gives the relation 

Y,N^'iai,a)nY{a,b) -Y,nYMi,h)N^'{bi,b) = 0. 
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Notice that A4^^{ai,a) and A4^^{bi,b) are zero-dimensional, thus we have 

i{5i,Wi,ai,a) = L{5i,Wi,bi,b) =0. 

Thus, counting points in these moduh spaces gives exactly the counting of 
the matrix elements of wl . This proves the relation 

wlody^ = dY,,,owl. 

The result for Wq is analogous, except for the fact that some care is 
needed in the case of the trivial Spin'^-structure Sq. Let us first consider the 
case of non-trivial s^ first. Suppose given a 1-dimensional 7V4^''(a, ftg)- In 
particular, we have 

degy,/,(a) = degy^(6o) + 1, 

where degy^ is the Z-lift of the Z2fc-relative grading on A^yg(sfc), induced by 
the grading on A^y,^, cf.Q, [||]. 

The boundary strata in the compactification of A4rf''(a, bo) are given by 



UaoeAl.„(a.)-^.?(a,ao) X M^^ljao^bo) 

(25) 



,{0) 

[JbeMt MYA^,b)xM^o^b^t>o). 
Here b and oq satisfy 

degy,^(a) - degy^^(6) = 1 



degyo (ao) - degy^ (bo) = 1, (26) 



in the integer grading. Notice that, as in |jT^, (^) can be derived by observ- 
ing that, in the geometric limits for r — > oo, the flowlines that contribute 
to the compactification define a contractible path [A"(t),0] in Ai,yfK) C 



Xo{T ,u{K)). Thus, with the notation of [18|, we pick only the minimal 



energy component A^y g (ao,6o) in the moduli space A^yQ^gj.(ao, 6o)- This 
component of the moduli space is exactly the one which defines the bound- 
ary operator on the Z-lift C(^)(lo;Sfc) of the Z,2fc graded complex Ci,(YQ,5k), 



as analyzed in |18|. 



The argument used here, based on the geometric limits of solutions, can 
be generalized to the case of the trivial Spin'^-structure Bq. Again, suppose 
given >[^o(a,6o), with 

i^i5o,Wo,a,bo) = 1. 

27 



In this case we want to show that the strata 

A^^°(a,ao) X -Myo,so(«o, ^o) 
which occur in the conipactification, with 

degyo,so(ao) - degy^ g^(6o) = 1, 

only contain flow lines in the component of minimal energy of Myq,so (^O; ^o)- 
Again, the result follows from the fact that the path [74"(t),0] in the geo- 
metric limits is contractible, for any flow-line in AiYo,soiO'0,bo) that arises 
in the conipactification of 7W^o(a,6o)- This precisely identifies the right 
component of the boundary operator in the Floer complex for (yo,5o). 
Thus, (^) implies that the map 

u;0:C7F,(y,/i)^efcCF(,)(yo,5fc) 

is a chain homomorphism precisely when the complex CFu\{YQ,Sk) is en- 
dowed with the Z-grading described in IQ and, in the case of 5o, the Floer 
homology of Iq is defined as 

HF(^,){Yo,5oMt]])\t=o 

on {Y(),So), as described in |jl8|. 
o 

4.1 The composite map 

Let A'J^(ai, ao) denote the invariant obtained by counting solutions in mod- 
uli space A^^(ai, flo)) ^ov the unique choice of the Spin'^ structure Si^k such 
that A^^(ai,ao) is zero dimensional. 

Lemma 4.4 Suppose given oi in Aiy and oq in Mvoi^k)- Let i > be the 
unique non-negative Spin'^- structure satisfying 

L{5i^k,W,ai,ao) = 0. 

Then the composite map vu^ o wl is given by 

(w* °wl{ai),ao) = NK{ai,ao). 
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Proof. 

The composite map w^ o wl has matrix elements 

J]iVf^(ai,a)iVf»(a,ao), 
aee 

where the sum is over the set 

G = {a G MY^^\i{5e,Wi,ai,a) = 0, t(sfc, Wo,«,«o) = 0, 
degy,(ai) = degy_^(a) = degyoiao)}. 

On the other hand, we have 

iV,^(ai,ao) = Yl iVr(ai,a)A^r°(a,ao), 

aeOi 

where now the sum is over the set 

Qi = {ae MY^^\L{Si,Wi,ai,a) = 0,L{5k,Wo,a,ao) = 0}. 

Notice that, given any Si^k on W which satisfies 

i(s£,fc,W^,ai,ao) = 0, 

and such that we have 

X,^^(ai,ao)/0, 

there exists some a G A4v such that we have 

L{5i,Wi,ai,a) = and i{5k,Wo,a,ao) = 0. 

This fohows by stretching the cyhnder Y x [— T, T] in the composite cobor- 
dism: the condition 

ensures the existence of a hmiting translation invariant solution on y x M. 
The argument is similar to the one used in [p!5|]. 
Thus, we only need to prove that we have 

Y, N^^{ai,a)NJf^{a,ao) = 0. 
aGei\e 



Suppose not. Then we have an element a G Gi\0 such that the moduli 
spaces 

MY'{ai,a) and Xf»(a,ao) 
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are zero-dimensional and non-empty. The point a will be in j(A4y ), or in 
■^YuXJi'^Yi)- ^^ consider the first case. The proof in the second case 
is completely analogous. We have a = j{ai) and degy^(ai) ^ degy^(ai). 
Consider the geometric limits of the solutions in M.^ ^{ai,j{di)). As we 
discuss in greater detail in Lemma |5.l| and Lemma q^, as we let e — > 0, the 
geometric limits of solutions in Ad^ ^(ai,j(ai)) define geometric limits of 
solutions in MYi{o.i,ai). In particular, if the moduli space M.^ ^(ai,j(oi)) 
is non-empty and zero-dimensional, also the moduli space A^y-^(ai,ai) will 
be non-empty and zero-dimensional, which contradicts the assumption that 
degY,(ai) /degy^(ai). 

This implies that we have an identification of the zero-dimensional com- 
ponents 

Mf^Jai,ao) - UaeeMY/iaua) x M^^ia,ao), (27) 

for large T > Tq in the cylinder Y x [— (T — Tq), (T — Tq)] in the composite 
cobordism W. This follows from the gluing theorem of [^, cf. Q |18], 
together with the previous argument. 
o 



5 Inject ivity and Surjectivity 

In the previous section we have constructed a sequence 

^ c,{Yi) ^ c,{Y,^,) ^ efcC(,)(yo,Sfc) ^ o. 

We now proceed to show exactness in the first and last place, namely injec- 
tivity of wl and surjectivity of w^. 

We want to give a better description of the components 

{j{a'i),wl{ai)), 

with ai and a'l in My^, and 

{ao,w°{a)), 

a e ^4Y \j{A4y_^), and a^ E Ufc7WyQ(5fc). For simplicity, let us introduce 
the following notation. Let {a- }i=i,...m be the elements in Myi ^^^ ^^^ 
{a^- }i=m+i,...n be the elements in Ug^ A4y(,(Sij.). Then the n elements in 
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A4y can be identified with the union of these two sets of points. More 
precisely, if e > is the parameter used in the definition of the function /' 
in the construction of the surgery perturbation, then the moduh space My^ 
can be identified with a cohection of points 

M*Y,^ = {af )(e)}i=i,...„ U {af (6)},=™+i„„„. 
For e small enough, there is a bijection 

-^Y,M - {4^}i=l,...m U {af}j=m+l,...n, (28) 

which is compatible with the grading M. 



In the following we shall use the notation (28) which identifies the ele- 
ments in MY,fj, with elements in the other two moduli spaces. Whenever it is 
crucial to distinguish between these moduli spaces, we shall use the notation 
ai G A4y^, oo G ^AYo{5k), and a G -My with a = j{ai) or 7r(a) = oq. We 
hope this will not cause any confusion. 

We want to describe solutions in the moduli spaces 



MT^ia\'\a 



Q 



and 

by describing these moduli spaces as a gluing of solutions on the trivial 
cobordism F x R and solutions on the regions Wi{iy{K)). The techniques 
involved in the splitting and gluing of solutions on the cobordisms are anal- 



ogous to the ones developed in |17| to analyze the splitting and gluing of 
flow lines on the trivial cobordism. 

We are assuming here that the asymptotic values also satisfy the condi- 
tion 

degyi(af^) =degy_^(4^^), 
degy,^(af^) = degyQg^(4°^). 

In particular, we are going to prove the fundamental relations 

(aP,u':(a«) = 4 



^q I — "^ig 



for all ai and Og in A4y^ and 
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for all Uj and aj, in UkM.Yo{Sk)- 

In the following we shall discuss the case of the manifold Wi . The case 
of Wq is analogous. Consider the manifold 

W^{r) = {Vr X M) U V(r) U V(r), 

as in dlgD- 



We use the description of the geometric limits of solutions on Wi given 
in Proposition 3.1, together with the analysis of |17| of the geometric lim- 



WUr.W J^)^ 



its of flow lines, in order to analyst solutions in A^^ ^{a- ,al ) and in 

Suppose given oi, an element of My ■ ^^^ large r > ro we represent oi 
as in p, 

ai(r) = [(i',^')ra'4(«'4,0)]. 

Lemma 5.1 There is a unique solution [Ar,^r] in the zero- dimensional 
moduli space 

MY''^'-\ai{r),j{ai{r))), 

for large r > r^ and for small enough e > 0, where e is the parameter used 
in the definition of the surgery perturbation. 



Proof. We write ai(r) = [A{r),^p(r)], with 

[A{r),^P{r)] = [{A',i,'Wa'^id'LM 
on Yi(r), for large r > ro, and 

j{a,ir))=j[Air),^l^ir)] = P', V^')#<(CO)]. 

In the limit e — > 0, the asymptotic values a'4, and a'4, coincide, and the 
elements [yl','i/''] and [^',-0'] in My also coincide, because of the result of 
Lemma |3.3| , which shows that the holomorphic triangle degenerates. Thus, 
when e ^ there is a unique finite energy solution on y x M with the same 
asymptotic value [jd',-;/^'] at t ^ ±00, given by the constant flow [A',^']. 

In fact, if we had a non-constant finite energy solution {A', ^') onVxM. 



with the same limits at t ^ ±00, then, using the gluing theorem of |17], 
we could glue this {A', ^') along the flat connection a'4, to a solution on 
Yi X M, extending it as the reducible solution (a^,0) on I'iK) x R. This 
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solution would be a non-trivial flow line connecting the critical point ai to 
itself in the conflguration space on Yi, but the moduli space M.Yi{ai, oi) is 
generically empty for dimensional reasons. 

Thus, in the limit e ^ 0, there is a unique solution [^j.,^^] on Wi{r) 
with the same asymptotic value at the two ends, obtained by gluing along 
the asymptotic value a'4, the constant flow [A' , ■0'] with the unique perturbed 
ASD equation on Wi{iy{K)) which extends Uoo- 

Since the moduli space 

MY'^''\aiir),Jiaiir))) 

is discrete for all < e < eo, we obtain that, for e small enough, there is a 
unique solution. 



Corollary 5.2 We have 



for all a\ in Aiy , and the analogous 



for all af' in UkMyoiSk). 

We also have the following result. 

Lemma 5.3 Consider the moduli space A4^ ^(ai,j(ai)), for large enough 
r > ro and with two critical points ai ^ oi in Aiy ■ Assume as before 
that < e < eg is the parameter used in the construction of the surgery 
perturbation. Then, for e small enough, we have 

MYHai,j{ai)) = ^ 
ifdegy^iai) = degyj(ai). 

Proof. Suppose given a solution [Ar, ^r] in 

>ir(ai,i(ai)). 
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with oi ^ ai in My and 

degy^(ai) = degy^(ai^ 



According to the result of Proposition 3.1, we have geometric hmits as r — > 
oo. We show that we can construct from these geometric hmits a non-trivial 
flow line in the configuration space over Yi which connects the two points 
ai and ai in My ■ This will contradict the assumption that 

degy,(ai) = degy^(ai). 

In fact, this assumption implies that the moduli space of flow lines is gener- 
ically empty for dimensional reasons. 

We can write the endpoints ai and ai as 

j(ai) = P',V'')#L(«oo,0)], 

and 

ai = [(i',V;')#L(«oc,0)]. 

Here Oqo is a flat connection on T^ satisfying the relation v = f'{u), with /' 
depending on the choice of a small e > 0, and a^o is a flat connection on T^ 
satisfying the relation v — u = 1. 

Suppose that we have AA^ ^(ai,j(ai)) 7^ 0. Then, in the limit e ^ 0, 
the geometric limits on Wi{i'{K)) consist of the cases (c), (d), and (e) of 



Proposition 3.1, where the connections a'^ and a'4, coincide, because of the 



result of Lemma 3.3 on the degenerate holomorphic triangles. Therefore, 
these geometric limits determine a preglued solution on i^{K) x M inside 
Yi X R which can be glued to the geometric limits on y x M to determine a flow 
line on Yi{r) x M. Since we know that A^y^(r)xR(oi,ai) = if degy^(ai) = 
degy^(ai), we have shown that, for e ^ 0, we also have 

A4fn«i,j(«i)) = 0, 

hence the relation 

{wl{ai),j{ai))=0 

holds for small enough e, if ai 7^ oi in My . 
o 



We derive from Lemma 5.3 the second fundamental relation. 
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Corollary 5.4 We have 

whenever i ^ q and 

degy^(aP) = degy^(a«). 
Similarly, for Wq we have 

NY\af\aP) = Q 

whenever j ^ p and 

deg^„(af) = deg^„(af). 

Notice how the previous results do not give any information about the 
components of the maps w\ and w^ that interchange the critical points a\ 
and a- . In fact, in this case there are in general non-degenerate triangles, 



as e ^ in the surgery perturbation, cf. the result of Lemma 3.4. In 
other words, the presence of these non-degenerate holomorphic triangles 
measures the difference between the chain maps w\ and w^ and the group 
homomorphisms j and vr defined by the inclusion and projection, in the 
identification of the generators on Y with generators on Y\ and Yq • 

6 Exactness in the middle term 

Recall that the results of H imply that the ranks of the Floer complexes in 
the sequence 

^ am) ^ c,{Y,ij) ^ efcq,)(io,Sfe) ^ 

are as prescribed for the existence of an exact sequence. Moreover, in the 
previous section we have proved injectivity of the first map and surjectivity 
of the last. Now we analyze the middle term. 



The result of Lemma 4.4, together with Corollary |5.2| and Corollary p^ , 
yields the following. 

Lemma 6.1 Suppose given a E M.y,h\J{M.Yi) and ai G ^AY^ and let vr be 
the identification vr : 7Wy^^\j(-^Yi) -^ UfcA^Yo(sfc). The coefficients of the 
composite map w^ o wl satisfy the relation 

N^,ia,,7ria)) = N^^ia,,a) + N^%jia,),7ria)). (30) 
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The main purpose of this section is to show that the counting in ( |30| ) is 
zero. We then verify that this is sufficient to prove exactness in the middle 
term. Estabhshing the relation w^owl = depends again essentially on the 
analysis of the geometric limits of solutions on the cobordisms, following the 
technique of [^ . We need a preliminary discussion of the geometric limits 
on y X M which completes the results of Part II, [|l^ ]. 

6.1 The moduli space on F x M 

Consider elements al G -^y^ aiid a- (e) G -My , which we can write as 

«r^ = [(A-V'r)#(«oo,i^o)] 

af(6) = [(4(6),V';(e))#(a+_.,0)]. 

Assume that we have solutions [Ai{r), ^i(r)] in A^^ ^ {O'i ; «!■ (£))> for 
all sufficiently large r > vq. Then these solutions define geometric limits as 



in Proposition 3J (a) - (h). 

In particular, we list here separately the limits on 1/ x M. Our purpose 
now is to simplify and group together in a more efficient way the information 



on the geometric limits given in Proposition 3.1. 



Remark 6.2 A family of solutions [Ai{r),'^i{r)] in mY'''''\4^\ af\e)) 
defines the following limits onVx M: 

(a). A finite energy solution [A','^'Y ^f ^^^ perturbed equations ^ll\ ) on 
V xM., with a radial limit aoo(e) in 9oo(-^v') C Xo(^^) ^), ind with temporal 
limits [A^ij^W and [A, ^]J in 

(h). Two paths [A{t),^{t)]\ in My, forte [-1,0) and t e (0,1], with 

[A{-l),^{-l)]\ = [A-,i,~] 
\\m_[A{tli,{t)]\ = [A,i^]\ 
\\in.^[A{t\i,{t)]\ = [AM 
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These paths induce a continuous, piecewise smooth path 
alit) C doo{M*y) C xo{T\V) 

satisfying 

al{t) = d^[A{t),^{t)]l, 

with 

«i(-l)=«;o,i aUO) = a^{e) al(l) = a+_^.(6). 

As e ^> 0, these geometric limits define paths [A{t),ip{t)] and a{t) with 
similar properties, and with 

«(-!) = a^,i a(0) = Ooo a(l) = a+ ^^., 

in dooiMy) C xoiT'^,V), with Ooo = limeaoo(e). 

(c) Moreover, we have a holomorphic triangle in H^(T'^,M.) with vertices 

and sides given by parameterized arcs along the lines ii = {v — u = 1}, 
ifi = {v = f'iu)} and by 

{al{t)}ce = doo{M*y). 



This is obtained from the non-uniform limits of Proposition 3. 1 



We now describe how to assemble together these geometric Hmits in a 
suitable moduli space. This will be useful in the following subsection, in the 
proof of Theorem |6.9| that establishes the exactness in the middle term. 

Let Ooo be an element in xo(^^)^)- We define the configuration space 

Ak,5{V X M,aoo) 

as follows. 

We can write a pair [A, ^) of a C/(l)-connection and a spinor on 1/ x M 
in the form 

A = a{w, s, t) + f{w, s, t)ds + h{uj, s, t)dt 

in the region T^ x [0, oo) x M inside V x M. A pair (A, ^) as above is in the 
configuration space Ak,5{V x M, Ooo) if {A, ^) is in Lj, on y x M. Moreover, 
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we also require that, after the change of coordinates s + it = e^~^ , and the 
corresponding change of variables 

a{w,p,e) = a(u',e^+*^) 

f{w, p, 9) = e-P cos e h{w, eP+'^) - e~P sin 6 f{w, e^+*^) (31) 

h{w,p,e) = e-P cos 9 f{w,eP+''^)+ e-P sin 9 h{w,eP+''^), 

we have 

(a - Ooo, h,f - /o, a, (3) G LlsiT^ x [-tt/2, ir/2] x [po, oo)), 

where /o is a constant. The L^ ^ norm we consider is defined by 

||F|| r2 = lle^ • F\\r2, 
II 111.^^^ II o ll_Lj.) 

where es is a smooth non-negative function satisfying 

es{w,p,9) = eyLp{5eP), 
for {w, p, 9) in the range 

T^x [po,oo) X [-7r/2,V2]. 

We have a group of gauge transformations acting on this configuration 
space, namely the group 

GvxR,k+2,5 

given by maps A : y x M ^ [/(I) of the form A = e'^ with £ : F x M ^^ M, 
such that £ — ^oo is in L'j,,2 s '^^ the domain 

T^ X [po, cx)) X [-tt/2, 7r/2] C y x M. (32) 

Here Acxd = e °° is a gauge transformation on T^ that extends to V, that is. 



Recall that, by the analysis of |17|, any finite energy solution {A,"^) on 



y X M has the property that in radial gauge, {A, \I') has limits 

aoo{9) = X{9)aoQ, 

with 9 G [— 7r/2, 7r/2] and with X{9) a family of gauge transformations on T^ 
that extend to gauge transformations on V, and [aoo] a fixed gauge class of 
flat connections on T^. With a slight abuse of notation, we write aoo for this 
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gauge class. Thus, we can represent all finite energy solutions by elements 
in some configuration space Ak,s(y ^ ^, Oco)- 

Given a fixed element Fq^ = [A, ^) in the configuration space Ak,s{V x 
M, Ooo), we define the slice at T^^ as 

5r_ = {(a, «!) e AkAV x ^, aoo)|GJ„^ {a, «!) = 0}, 

where the operator Gt is the L? adjoint of the infinitesimal gauge action 
Gr^^ • In the region ( |32[ ) the elements (a, ^) can be written in the form 



(a,$) = (a,/i,/,a,/3), 

with 

a = a + fds + hdt and ^ = (a,/9), 

as above. 

We define the moduli space My xR{aoo) as the set of solutions of the 
Seiberg-Witten equations in ^^^^(y xM, Coo), modulo the action of the gauge 
group ^v'xR,A:+2,(5- We denote by M.vxr{o-oo) the balanced energy moduli 
space, namely the elements in M.vxr{(1oo) satisfying 

f_^mAmi,^y^ + \\dMt)\\i,^y^)dt = 

for a temporal gauge representative {A{t),il){t)). 

The linearization >C(_4 ,j,) at a solution [A, ^) in the slice Sy^^ is given 
by the operator 



'C(^,^)(a,^) 



D^-l + a.^ (33) 



The virtual dimension of the moduli space A^yxiR(ooo) at a solution 
(^, ^) in the slice S^^^ is given by 

Assuming that the element a^o ^ •& \s away from the bad point '& in 



the character variety of T , we know, by the result of Section 3.2 of |17], 
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that all finite energy solutions {A, ^) have a uniform exponential decay in 
radial gauge, hence they can be regarded as elements of the moduli spaces 
■Mv xRidoo) introduced here, for some 6 which depends only on Coo- 

Recall also that in Proposition 3.4 of Part II we proved that, given a finite 
energy solution {A, '^) in Ak,siV x K, Ooo) of the Seiberg-Witten equations 
on F X M, with asymptotic value in the gauge class of Ooo, by applying a 
gauge transformation X{6) in GvxR,k+2,5, we obtain a solution A(^, ^) with 
h = 0, and / — /q = 0. In particular, when inverting the change of variables 
(|3l|), the condition that A(^, ^) is in L^ gives /o = 0. In particular the 
resulting solution is in a temporal gauge, hence we can write A(^, ^) as 
{A{t),^p{t)). Thus, given a solution {A,'^) in Ak,5(y x M, Ooo), up to gauge 
transformations, we obtain two classes [A, ip] and [A, ip] in 

5-^(aoo) C M*v 
defined by the asymptotic values as t ^ ±oo of the temporal gauge repre- 



sentative (A(t),V'(i)) = A(^, ^), cf. the result of Lemma 3.9 of |17|| . 

Thus, we can break the moduli space AivxRio-oo) into a union of com- 
ponents 

MvxR{aoo)= (J MvxR{[A,ij],[A,tiJ],aoo), 

[A,^UA,i,] 
with 

We can rephrase the calculation of the virtual dimension as follows. 
Proposition 6.3 Let [A, ^] be a gauge class in 

MvxR{aoo)- 
Let {A{t),^p{t)) be a temporal gauge representative of [Aj'if], which satisfies 

hm [A{t),i;{t)] = [A,^l:], 

t— >— oo 

lim[A(t),V(t)] = [i,^]. 



Let HA{t),ip{t) ^6 the operator 
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with 

GAit),mif) = i-df,e'fm), 

and C^ft) ^(t) is the L'j adjoint of GA(t),ip{t)- Let Qa^c, ^e the asymptotic 
operator of HA{t-)^^(£^, for each t, given by 

Qa^{a,a,P) = {0,-idl^P,ida^a), 

as in ^. 

Each moduli space 

MvxRi[A,tp],[A,'4!],aoo), 

for a fixed choice of [A, •0] and [A, ip] in d^{aoo) in My, is a smooth finite 
dimensional oriented manifold, of dimension given by the spectral flow 

SF{HA(t)Mt)) = Iridex{dt + i^A(t),,/.(t))- 
Thus, for the balanced energy case, we have virtual dimension 

virtdimMvxR{[A,ip], [i!,V'],aoo) = SF{HA(t)Mt)) " 1- 

An orientation 0/ jVlyxR([^, V']; [^i V^Ji^oo) is obtained by considering the 
determinant line bundle of the operator C_a^^ = dt + HA(t),ip(t)- 

6.2 Admissible elements in M.vxRio.oo) 

Now consider a{t) a regular parameterization of an arc in doo{M.y) inside 
Xo{T'^,V), which satisfies 

a(— 1) = a^ a(0) = Ooo a(l) = a^, 

with given 

a- e doo{Mv) n{u-v = l} 

a+ G doo{M*y) n{v = f{u)}. 

Let us assume that the path a{t) also satisfies the condition a{t) ^ i), 
for all t G [—1, 1], and that the path a{t) avoids all the boundary points of 
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doci-My) on x{y)\'&, cf. 1^. By the analysis of Q, we know then that the 
fiber 

d^\a{t))cM*y 

is a finite set of points, for each fixed t. Moreover, under the current hy- 
potheses, the set 

describes a cobordism between 

a-i(a(-l)) and d^\am 

and between 

5-i(a(0)) and d^\a{l)). 

Now suppose given two assigned elements 



and elements 
In the cobordism 



[A,i;],[A,4^]ed^Ha, 



^te[-i,i]d^\a{t)), 



there is at most one path [A(t),ip{t)] in My, for t € [—1,0] that satisfies 
doo[A{t),ij{t)] = a{t) and [A{-l),^jj{-l)] = [A-,ip-]. Similarly, there is at 
most one path [A{t),Tp{t)] in My, for t G [0, 1] that satsifies doo[A{t),'il;{t)] = 
a{t) and [A{1),iIj{1)] = [A+,V'+], cf. the Figure |. The case (d) of Figure 
^ illustrates an example of a parameterization a{t) and a choice of [A~, -0"] 
and [^"'",'i/'^] for which a path with the desired properties does not exist. 
Such case does not arise as a geometric limit. 

Thus, we can introduce the following notation, to distinguish which 
choices of elements ([A, V'], [^,'0]) ^oo) can arise as part of the geometric 
limits of solutions in M.^ '^^'^'{ai,a) (or 7W^ ° (ai,ao), or 7Wy(^)xR(o, &))■ 

Definition 6.4 We say that a triple ([^,-0], [A,ip],aoo) is admissible, with 
respect to the endpoints {ai,a), if the following conditions hold. The element 
ttoo lies on a path component of doo {My) connecting a~ and a'^ . Moreover, 
there exists a smooth regular parameterization a{t), fort € [—1, 1] of the path 
in 5oo(Aly) connecting a~ and a^, such that a(0) = Ooo, o,nd corresponding 
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smooth paths [A{t),tp{t)] in My, fort G [—1,0) and t G (0,1], satisfying 
doo[A{t),ip{t)] = a{t), and with 

[A{-l),i;{-l)] = [A-,i;'] and lim [A{t),m] = [A, i^] 
lim [A{t),m] = [Ai^] and [^(1),V'(1)] = [^+,V'+], 

t — ^U-|- 

with [A^ip] and [A^ip] in d^{aoo) in M.y and 

ai = [(A-,V'-)#(a-,0)] 
a = [(A+,^+)#(a+,0)]. 



In the examples of Figure |3|, the cases (a)-(b) represent admissible ele- 
ments, and case (c) is not an admissible element, because the parameteri- 
zation a{t) = doo[A{t)^ilj{t)\ is not regular {dta{t) = for some t), and the 
case (d) is also non admissible because no path [A{t),ip{t)] with the desired 
properties exists. An element ([yl, V'], [^jV'IjOoo) can appear as part of the 
geometric limits of solutions on VFi(r) (or Wo(r), or Y{r) x M, etc.) only if 
it is admissible with respect to the endpoints (ai,a) (or (a,ao), or (a, 6)). 

Notice that, in general, if we consider different solutions in M^ ^ (oi, a) 

(or Mj^ ° (oi, ao), or MY{r)xR(.a,, b)), these will give rise to geometric limits 
with different parameterizations a(t), and in general different Ooo. In the 
next subsection we describe how to assemble the various geometric limits. 

6.3 Assembling the geometric limits 



Let us first return to the setting of 1 17 1 and consider moduli spaces of flow^ 



lines. We shall then generalize our statements to the case of finite energy 
solutions on one of the surgery cobordisms. 

Consider first the case of a zero-dimensional moduli space of flow lines, 
A^yxR,/i(a,6), with a,b e My^^ satisfying degy^^(a) - degy^^(6) = 1. We 
recall the results on the splitting of the spectral flow that we used in Part I 
PI in order to compare the relative gradings, cf. B. 

We can describe the critical points a and b in My as 

a = [{A-,^-)#r{a',0)] 
6=P+,V+)#.(a+,0)]. 
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p^ 






Figure 3: The paths [^(t),^(t)] in M 



V 



The relative grading is given by 



1 



1 = degy^^(a) - degy_^(6) = ■^SFY(r){H(Arit),^(,r{t))), 
with the notation as in H, H. Then the spectral flow can be written as 

e'S'F^(A-)(r)(-H'(a"(t),o),c(t)) + Maslov{iv{t)jAt)) 



(34) 



Here we follow the same convention of H regarding the definition of the e- 
spectral flow. The boundary conditions are prescribed by assigning a choice 
of Lagrangian subspaces (£y(i),^jy(t)) in H^{T'^,'M). 

We consider the following Lagrangians, which we already introduced 
in Part I, Q. Let i* be the piecewise smooth Lagrangian submanifold 
of xo(^^5^) described in Part I, p, and let (.^ be the path of Lagrangian 
subspaces of //^(T^, M) defined as in Part I, B, which is given by the tangent 
spaces of i* where the latter is smooth, completed with a specific choice of 
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paths at the singular points, as discussed in p. Let i be the union of the 
arcs in the Lagrangian submanifold with boundary doo{M.y) in xo{T'^i^) 
that connect the points a~ and a+. By doo{My) C xo(r^)^) we mean 
the pullback of doo{.M.y) C xo(r^) V) under the covering map xo(^^5 ^) -^ 
Xo(r^) V). Under the assumption that these arcs avoid the boundary points 
dooidAAy), we can consider regular parameterizations a'{t) and a"{t) of 
the arcs of i* and i, respectively, connecting a~ to a"*". We consider the 
corresponding paths of Lagrangians £{t) = Tai(t)i and ^^(t), for t G [0,1]. 
We can also assume that l* and I intersect transversely. 

Now recall that, in Part II, we identified the geometric limits of flowlines 
in M.Y{r)x9.{'^-:b) with finite energy solutions in 7V4i/xr([^5 V^] J^, V^l^o^oo)) 
together with paths [A{t),ip{t)] £ A^y, and a holomorphic disk 

which determines the regular parameterization a{t) of the arcs of i and 
i* hence the admissible data ([j4,'0], [>1, V'], floo). Thus, we are interested 
in understanding the space of inequivalent holomorphic disks A, which can 
appear in the geometric limits. We have the following result, see for instance 
[p^ pg.3. The set of equivalence classes under Aut{D'^) ~ PS'L(2,M) of 
holomorphic disks 

in a given homotopy class j3 = [A] in 7r2(xo(^^7^))^ U l*) has virtual di- 
mension 

//(/3) - 1, 

with /u(/3) the Maslov class, defined as in [^] pg. 3. The original formula 
given in [|l2[ for this virtual dimension is n + /i(/3) — 2, where 2n is the 
real dimension of the ambient symplectic manifold. In our case, we have 
n = 1. We can describe the Maslov class /i(/3) in terms of the Maslov index 
Maslov{l{t),l^{t)) as follows. 

Lemma 6.5 Consider the piecewise smooth Lagrangian submanifolds i and 
f* in xoiT'^,Y), defined as above. Consider all possible holomorphic disks 

A:{D^dD^)^{xo{T^Y),iUi;), 

up to automorphisms Aut{D'^) ~ PSL{2,R), which map the boundary to 
arcs of the Lagrangians connecting two points a^ and a^ in i i* , in the 
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homotopy class (3 specified by the regular parameterizations a'{t) and a"{t) 
of these arcs of Lagrangians. Then the Maslov class satisfies 

H{I3) = Maslov{i{t),i^{t)) + 1. 
Proof. Here we follow the notation of Section 13 of Q. First let us define 

as the path of Lagrangian subspaces that connects the two Lagrangian 
specified subspaces (T„+£i,T(j+^2)) rotating in the positive or negative di- 
rection, according to sign. Recall that, given a pair of Lagrangian paths 
/(t) = (£i{t),i2it)), we use the notation /(t) = /(I — t), and 

ffHp{t) = {i2{t),£l{t)). 

Thus, given f{t) = {hit), hit)) with 4(0) = £2(0) = a" and 4(1) = 4(1) = 
a+ , we obtain four possible loops f±± (t) , given as the concatenation of paths 

f,,{t) = hit) * ufit) * hit) * iuf it))jup, 

with i,j = lb. 

The definition of the Maslov class given in jl^ pg. 3, for one smooth 
Lagrangian submanifold i inside a symplectic manifold X and disks A : 
iD^,dD^) — > iX,£), coincides with the notion of Maslov index for closed 
loops a la Floer |lO|. Using the results of Section 13 of Q, we can relate this 
to the Maslov index, as described in the Lemma. Since the arguments of 



Part II, |17| actually ensure the existence of a holomorphic disk on a slightly 
larger domain, which maps a subdomain homeomorphic to iD^,dD^) to a 
disk filling a region bounded by arcs of the Lagrangians iUi* with endpoints 
a^ and a^, we obtain that the Maslov class is computed by 

/x(/3) = ^(/++(t)), 

with the notation as above, and /i(/++(t)) the Maslov index of a loop of 
Lagrangians d la Floer, cf. Section 13 of [Q], where we have 

fit) = im,£^it)). 

Now the result of Section 13 of Q gives 

fiif++it)) = Masloviiit),e^it)) + 1. 
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Notice that we can think of these holomorphic disks equivalently as 
equivalence classes of 

/^■.{D\dD^)^{x^{T'',Y),lyjt^ 

that map A(— 1) = a^ and A(+l) = a^ , modulo the subgroup of Aut{D'^) 
that fixes the points ±1, or then again, equivalently, as holomorphic maps 
A of an infinite strip 

Mx[0,l]^Xo(T2,y) 

that map the boundary M x {0, 1} to arcs of the Lagrangians i and i*, and 
with asymptotic values along t G R, as t — > Too, equal to a~ and a"*". In this 
case, we consider classes modulo the action of M by reparameterizations. 

Thus, the solutions in the zero-dimensional moduli space A^yxR,/i(a, 6) 
are obtained by gluing solutions in a zero-dimensional moduli space 

MvxRi\A,i)],[A,'4)],aoo) 
with a holomorphic disk 

in a fixed homotopy class (3 = [A] in 7r2(xo(^^) ^))^ U i'*). The admissible 

data {\A,il)\,[A,il)\,aoo) is determined by the holomorphic disk A, as we 
discuss in the following Lemma. 

Lemma 6.6 Suppose given a zero- dimensional moduli space A^yxR,/i(ai &)• 
The space of pre-glued solutions, obtained by pasting together the geometric 
limits of solutions in A4.YxR,n{0',b), as described in \P\] , is given by 



J MvxR{[A,i)]M,^la^). 



where A is a choice of one particular representative in each equivalence class 
in the set H of classes of holomorphic disks 

in the fixed homotopy class [A] in 7r2(xo(r^) ^);^ U ^*), modulo the action 
of Aut{D'^) ~ PS'L(2,M). Each such representative A determines the cor- 
responding admissible element {[A,^/J],[A,'^p],aoo)■ 
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Proof. The statement of the Lemina fohows from the previous discus- 
sion. In order to see the dependence of the data ([A, ■0], [A,il:],aoo) on the 
holomorphic disk A, recall that the choice of A in particular fixes the pa- 
rameterization a(t) of the arc of i connecting a~ and a+. This determines 
the point Ooo = a(0). However, the choice of the parameterization a{t) also 
determines the choice of the points [Ajip] and [A,ip] in d^{aoo)- Notice 
that each solution {A{r), ^(r)), representing an element in ■MY{r)xR,fii'^j b), 
determines a holomorphic disk 

A = A(>l(r),^(r)) 

in the geometric limits. Each such disk determines a possibly different pa- 
rameterization a(t), hence different admissible data 

i[A,iP],[A,'4,],aoo). 
Thus, the set of pre-glued solutions can be written as 

[JMvxK{[A,ip],[A,ip],aoc), 

A 
where A varies in the set of holomorphic disks 

A:{D^,dD^)^{xo{T^Y),£Ui;), 

in the fixed homotopy class [A] in 7r2(xo(^^) ^))^ U £*). However, we only 
count the disks A up to Aut{D'^) ~ PSL{2,R). 

For geometric limits of a zero-dimensional moduli space, the set of such 
holomorphic disks, up to Aut{D'^) is also a zero-dimensional moduli space. 
This follows by the result of Lemma |6.5|, in the case where we have 



Maslov{e{t),e^{t)) = 0. 

In fact, in our case, with disks in xo{T'^i Y), the homotopy class is fixed by 
the choice of the arcs of the Lagrangians i and i* connecting a~ and a"*", 
and the representatives in each class only differ by reparameterizations of 
the boundary. A choice of a representative A in each class identifies uniquely 
a corresponding moduli space 

MvxR{[A,ip],[A,ti)],aoo)- 
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Thus, with the notation as above, we obtain 

A 



Thus, we can rephrase the gluing theorem of |17] as the following state- 
ment. Let us introduce the following notation: 



with the admissible data {[A, ^p], [A, ip],aoo) and the corresponding holomor- 
phic disk A as in Lemma |6.6|. 



Proposition 6.7 The gluing map gives an orientation preserving diffeo- 
morphism 

# : MvM[A-,^l^^l [A+,il^+]) = MYxR{a,b), 

with 

a = [{A-,i;-)#,-{a-,0)] 

6=P+,V^+)#,+ (a+,0)]. 



Now we can rephrase the result in the case of moduli spaces of finite en- 
ergy solutions of the Seiberg-Witten equations on one of the surgery cobor- 
disms. In this case, we can assemble the geometric limits in a similar way, 
to obtain spaces 

Mvxmi[A-,^-],[A+{e),i;+{e)]) ■.= ]jMvM[A,^]lAA,4>ri,aU^)), (35) 



in the case of Wi, with the admissible data 

i[A,i;]l,[A,^i;]l,aUe)) 
determined by the holomorphic triangle AJ, or 

MvxRi[A'ie),^p-ie)],[A+,^+]) := JXyxRliA V'lo J^> V^lo, «So(e)), (36) 

^0 
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in the case of Wq, with the admissible data 

{[A,i;]l[A,i>Yo,aUe)) 

determined by the holomorphic triangle Aq. Here the A| vary in the set of 
inequivalent holomorphic triangles in H^ (T^ , R) , namely 



A^i : {D\dD^)- 


-^{H\T\R),iUiiU£f,), 


in the case of Wi, or 




A^,:{D^dD^)- 


.{H\T^U),iUi^Ukik), 


in the case of Wo, with £i = {u - 


-v = l},£,, = {v = f{u)},and 



= {u = 

2k} or {u = r]} in the case of £o, as in [^. The image of each A^ describes 
a triangle in H^{T'^,]R.) with vertices {a~,'i?j, a+(e)} or {a~(e),'i?j, a+} and 
sides along the Lagrangians, as specified. Here the points '!?i are the intersec- 
tion of the lines li and i^ for Wi and i^ and i^ for Wq, that is, the restriction 
to T^ = du = du of the unique reducible point ^53 at the puncture in the 
cobordism. 

Thus, we obtain the following result on the gluing theorem for the moduli 
spaces A4^ ^(ai, a), or for the minimal energy component of A4^ "(a, oq). We 
state the result in the case of Wi . 

Lemma 6.8 Suppose given a pair oi E A^Fi, and a E A4y^^. Suppose that 
we have the decomposition 

ai = [{A-,iP~)#,-{a-,0)] 

a=[(A+(6),V+(6))#„+(,)(a+(e),0)]. 
Then the gluing map gives an orientation preserving diffeomorphism 

#:>IyxR([^",V'"],[^+(e),V'+(e)])-Xr(«i'«)' 



where the first moduli space is defined as in (|5^, with the union over in- 
equivalent holomorphic triangles A with vertices {a~,t?i,a'''(e)} and sides 
along the union of Lagrangians £ U £1 U i^, with i defined by the asymptotic 
values 9oo(A^v')- Different choices of the Spiif -structure Si correspond to 
moduli spaces of different dimension. If -M^. ^(ai,a) is non-empty, then, 
under the gluing map we obtain 

i{Wi,Si,ai,a) =/i([A]) - 1 + virtdimMvxR{[A, tp], [A, 4)], Ooo)- 
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Again we can observe that each holomorphic triangle fixes a parameter- 
ization a{t), hence a choice of the admissible data ([A, ■0], [Ajtpjjaoo]- The 
argument then proceeds as in the case of flow lines. In the case of the moduli 
spaces A4f, °{a, oq), the minimal energy condition ensures that the path a{t) 
is contractible in Xo(^^) ^)j so that the path along the union of Lagrangians 
can be filled by a holomorphic triangle of minimal energy. 

We now return to our analysis of the sequence 

^ a(i^i) ^ c4Y,fi) !^ 0C(,)(yo,5fc) ^ 0. 

k 

In the next subsection, we use the results obtained in this section on the 
moduli spaces M.vxRi[A~ ji^'], [A'^,'^'^]) to prove exactness in the middle 
term. 

6.4 The relation 10*^0 101 = 

By Lemma |6.1| , we can show that the composite map w^ o wl is trivial by 
proving the following result. 

Theorem 6.9 For small enough e and large r > rQ, there is an orientation 
reversing diffeomorphism 

where £ is the unique positive Spin'^ structure on Wi (r) such that the moduli 
space M.^ {a\ ,a- (e)) is zero dimensional, and M.j^ {ai {e),a- ) 

is the zero- dimensional components of Mj, '^ {a\ {e),a- ). 

Proof. By our assumptions, the moduli spaces A4^ ^ {O'l \o,j (e)) and 
■^fc ° y^i \^)^'^i ) ^^^ smooth, compact, oriented 0-dimensional man- 

ifolds. We write the critical points a- , a- (e) and a- {e),a- according to 
the following decomposition: 



on Yi{r), 



ai'\e)=mA{r),Mrm = [(A"(e), V'r(e))#a- ,(e)fc.(e),0)] 



«i 
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on Y{r), and 



af = [(4'^;)Ci,/<.'0)] 



on lo(^)- In the limit e ^ 0, the asymptotic values satisfy 



mH^{T'^,iR) and 



lim[^r(e),V'r(e)] = [4r,^-] 

in >[;^. 

We now apply the geometric limits results of Proposition ^^ to study 
the moduh spaces MY'^'^\a^\ af (e)) and M^"^''^^ (°)(af ^(e),^")). 

Let [Ai{r),'^i{r)] be solutions in M^^ {o-i \(^j (e))) for sufficiently 
large r > tq. Then these solutions define geometric limits as recalled in 



Remark |6.2| , cf. Proposition |3J 



For all sufficiently small e, the geometric limits listed in Proposition 
can be grouped together to give a holomorphic triangle 

with vertices {aj^ ji'^^i^oj^ j{^)} ^^'^ sides along the Lagrangians £i = {v — 
u = 1}, i = dooMy, and i^ = {v = f'{u)}, and an element in a moduli 
space 

MvxR{[A,i^]l,[A,^p]l,al^{e)), 

for some admissible data 

{[A,i;]l,[A,i,]l,aUe)) 

determined by the holomorphic triangle A|. 

We use the notation A\ = A'^(^i(r), ^i(r)), for any such holomorphic 
triangle determined by a family of solutions (^i(r), ^i(r)) representing an 
element in 
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The orientation of this triangle is the same as the orientation of the region 
of non-uniform convergence. The orientation of 

MvxR{[A,ij]l,[A,i,]l,aUe)) 

at a solution [^'j^']*^ is given by the determinant line bundle of the lin- 
earization >C(_4/^^/E'), as discussed previously. 

Now we can proceed to compare the geometric limits of solutions in 
MY^^'\a^\af\e)) and Al^^^^' ^'\a^\e) , af ) . 

Recall that, as discussed previously (cf. also |17|), we can pre-glue the ge- 
ometric limits to form an approximate monopole on Wi{r), for sufficiently 
large r > tq. That is, as discussed in the previous subsection, a holo- 
morphic triangle A determines the regular parameterizations of the arcs of 
Lagrangians, hence the admissible data ([A, -0], [A,-;/'], Ooo)- Therefore, the 
space of pre-glued monopoles can be identified with the moduli space 

A! 
with the admissible data specified by 

ranging over the set of inequivalent holomorphic triangles in H^{T'^,W), 
with vertices {oj^ j,f?i, oj^ j{^)} ^^'^ sides along arcs of the Lagrangians £, 
ii, and £^ connecting these points. The orientation on the moduli space 
■^vxM.ilA'^ ,tlj~], [Aj' (e) , ip^ (e)]) is the product orientation of the pairs 

with [A' , ^'Y an element of the moduli space 

MvxR{[A,i;Yi,[A,i,]l,aU<^)) 

determined by the corresponding triangle A\. The gluing map gives an 
orientation preserving diffeomorphism 

MY'^'\a^\af\e)) ^ MvM[A-,^^],[A+(e),^Pl{e)]), (37) 

as in Lemma ^^ in the previous subsection. Moreover, by an analogous 
argument, we have a similar result for the zero-dimensional component 
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Claim: For A4^ ' (a^ {e),a- ), the zero-dimensional component of 

■^k " ("^i (f)'*^}' )) there is no energy loss in the process of stretching 
along the r-direction. In this case, we have a similar orientation preserving 
diffeomorphism 

^Wo(r), (0)(^(i)(^)^^(0)) ^ Mvioo)>cR{[Ai{e),^r{e)], [Aj,^!]). (38) 
Here the moduli space of pre-glued solutions is given by 

with the admissible data determined by 

A^ = A^(A(r),^o(r)), 

ranging over the set of inequivalent holomorphic triangles in H^ (T^ , M) , with 
vertices {a^ i(f)' "^O; o^i, j) ^^'^ sides along arcs of the Lagrangians i, i^, and 
Ufc^fc connecting these points. 
Claim: As e ^ 0, we can identify the moduli spaces 

and 

MvM[A-{e),iJ-{e)],[A+,i;+]) 

as sets of points. 

In fact, if the triangles A\ and Aq are non-degenerate, for e ^ 0, then 
these holomorphic triangles reduce to holomorphic triangles 

A : {D\dD^) ^ {H\T\^),lVJli Ufc4), 

in the same homotopy class in 7r2(-ff"^(r^,M),£ U ^i Ufc^), with sides along 
arcs of the Lagrangians £U^i U^ffc connecting the points a^ ^, a^ ■ and the 
intersection point between the lines ii and i^. Notice that the set theoretic 
difference between the triangles A\ and Aq shrinks to zero size as e — > 0, 
hence they define the same triangle A as a limit. Again we can count these 
up to automorphisms of D^. Thus, in the limit as e ^ we can identify 
both moduli spaces with 

MvxRi[Ar,ipr],[A+,iP+]) = [jMvxR{[A,ij],[A,iP],aoo), 
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with the admissible data determined by A. Notice that the parameteriza- 
tions a{t) determined by the holomorphic triangles A are sufficiently close 
in the C°° topology to the parameterizations a^{t) and a^{t) determined by 
the A\ and Aq, for sufficiently small e, and the corresponding admissible 
data ([A, '0], [A,'ip],aca) are also sufficiently close to the admissible data 

i[Ai;]l,[A,i^]l,aUe)) and ([A V'lo JA V^]^, a°oo(e))- 

Thus, for sufficiently close data, the arguments of the previous subsections 
show that the moduli spaces 

MvxRi[A,ij],[A,ij],aoo) = 
MvM[A,^]h[A,iP]l,al{e)) ^ 
MvxR{[A,i^rQ,[A,i^r„a^^{e)) 

can also be identified. 

Thus, we have obtained that the moduli spaces M^ ^ {a- , a- (e)) and 

■^k ° v^i (^)' ^i ) ^^^ ^^ identified as sets of points. This implies that 

the composite map satisfies w^owl = {mod2). In order to obtain the result 
over the integers, we need to compare the orientations of these moduli spaces 



as they appear in the decomposition of A4^ ^ (a^ ,a- ) in Lemma |4.4 . 
Claim: In the decomposition 



MYk^'\a^\af) ^ A^r«(af),af)(.)) UA^f «' ^'\a^\eua 



(0)^ 



as in Lemma 4.4, the moduli spaces 



MY'^^\af\af\e)) and M^^^'^' ^'\a^\e),a^^) 

have opposite orientations. 

In fact, it is sufficient to notice that, when we glue the punctured cobor- 
disms Wi{r) and WQ{r) along the common boundary Y, to obtain 

W{r)=Wi{r)UYir)Wo{r), 

there is a long product region from a solid torus in Qi to a solid torus 
in Qq. Thus, the orientations of the two rescaled regions of non-uniform 
convergence, that is, of the domains of the two holomorphic triangles 

Al = A'{Ai{r),^i{r)) and A^ = A^(A(r), ^oW) 
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have opposite orientations. This iniphes that, when regarded as solutions in 

one of the triangles is antiholomorphic (holomorphic up to a change of ori- 
entation). In fact, the triangles in i7^(T^,M) have the same orientation, 
whereas the rescaled regions of non-uniform convergence for the triangles 
on Wi and Wq differ by a change of orientations when compared inside the 
composite cobordism W . 

In other words, we obtain an orientation reversing diffeomorphism 

when both moduli spaces are identified with solutions in 



We now derive from Theorem 6.9 the third fundamental relation. 



Corollary 6.10 Let a\ and a- be critical points on Yi{r) and lo(^) '"e- 
spectively with 

degy^ia}^ ) = degYo,Skiaj )^ 

and let a- (e) and a- (e) be the corresponding critical points on Y{r), for 
sufficiently small e and large r > rQ, then we have 



6.5 The inclusion Ker{w^) C Im{wl) 

Recall that, for a fixed pair of asymptotic values {a- ,a- ), there exists a 
unique non-negative Spin"^ structure Si satisfying 

i{5i,Wi,a^\af)=0. 

We denote the corresponding £ with lij. The coefficient of the map wl is 
then given by 

Using the results of Section 6, we can write explicitly the condition that 
a Floer chain on Y is in the image of wl . 
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Lemma 6.11 Suppose given a Floer chain a G C^iY^^), 



m 



E(l) , V^ (0) 

j=l j=m+l 

with coefficients ni and Uj in Z. If we assume that the parameter e > in 
the surgery perturbation is sufficiently small, then the chain a E C\{Y, /i) is 
in the image Im{wl) under the morphism 

if and only if the coefficients satisfy the relation 



m 






for all j = ?Ti + 1, . . . , n. 

Proof. Assume that the element 



1=1 j=m+l 



is in Im{w\). Then it satisfies 



m 



a = w 

i=l 

for some coefficients pi G Z. For sufficiently small e > 0, we know from the 
results of Section 6 that the relation 

{af\wl{a^^^)) = 5,, 

holds. This gives 

m n m 

j=l j=m+l i=l 

Thus, we obtain 

T^i = Pi for all i = 1, . . . , m 
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and 

m 



Y^p.NZ^ia^\af^ 



n 

i=l 



O 

On the other hand, we can also write explicitly the condition that a Floer 
chain on Y is in the kernel of w^, using the expression for the map w^ for 
sufficiently small e > in the surgery perturbation. 

Lemma 6.12 Suppose given a Floer chain a € C*(y, /i), 

m n 

i=l j=m+l 

with coefficients Ui and Uj in Z. For sufficiently small e > in the surgery 
perturbation, we have that a € C*(y, ;u) is in the kernel Ker{w^) if and only 
if the coefficients satisfy 



m 



„._ X ^.,^tW,uJ^) JO)., 



for all j = m + 1, . . . ,n, with 
Proof. Assume that the element 

m n 



(1) , v^ (0) 



i=l j=m+l 



is in Ker{w^). Then it satisfies 



E E n.N^ia!p,a!f)+ Y. -. | «f = 

Here we use the condition, proved in Section 6, that for sufficiently small 
e > we have 

[a J ,w^^[a^ )) — Oik- 
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The above condition can be rewritten as 

m 

Y,niN^%a'^\af^) for all j = m + l,..., 



Notice that this means that we can choose arbitrarily the first {ni}j=i^...m 
coefficients and the remaining {nj}j=m+i,...,n are determined by the above 
relation, 
o 

We then derive the exactness result as follows. 

Proposition 6.13 The inclusion Ker(w^) C Im{w\) is satisfied. 



Proof. Suppose given an element a G Ker[w^). By Lemma 6.12, for 
sufficiently small e > in the surgery perturbation, we can write 

m n 

1=1 j=m+l 

with rii and rij in Z, satisfying 

m. 

1=1 
Consider the element 

m 

E(l) 
nia\ \ 

i=l 

with the coefficients n,- as above. We have 



m n m 

i=l j=m+l 1=1 



The relation 
implies that we have 



<^(ar),af) = -A^(ar),af) 



a = wl(ai). 
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The result of Proposition 6.13| , together with the relation w^ o wl = 



proved in the previous section, implies that we have exactness in the middle 
term of the sequence 

^ Cg{Yi) ^ Cg{Y,^,) !^ 0q^)(yo,Sfc) ^ 0. 

7 The connecting homomorphism 

We have established the exactness of the sequence 

111 Tl) 

^ c,{Yi) ^ c,{Y,^,) ^ efcC(,)(yo,Sfc) ^ o. 

Now we can give a more precise description of the connecting homomorphism 
in the induced long exact sequence of Floer homologies. As we are going to 
see, the connecting homomorphism is described in terms of the discrepancy 
between the boundary operator dy of the Floer complex C* {Y, fj,) and the 
operator dy^ © dyg, with cVq = ©A:cVo,fc on 

c*(yi)©©fcC(,)(yo,Sfc). 

More explicitly, let us identify again the points of A^y with 

■^Y,^i = Wi }i=l,...m U {aj }i=m+l,...n, 

as in (28). Consider a cycle ^ ■ Xja- in ©fcC(^)(lo)Sfe)- We have 



Now consider the corresponding element ^ ■ XjU- (e) in C^,{Y,fi). We have 
the following result. 

Lemma 7.1 Given a cycle J^j^j'^j ^'^ C'(*)(lo,Sfc), we have 
dvAT^j Xjaf\e)) = 
i:.,x^ny,Mf\^l4\^))o^\^) (39) 
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Here the first sum is over al in My with 

degyjaf\e))-degyjaf\e)) = l 
and the second sum is over ap in Myoisk) satisfying 
degy„,,,(af)-deg^„,,raf) = l 



and Or in Ady satisfying 



degv,(af(e))-degv^(a«(6)) = l 



and 



Proof. It is sufficient to clieck tliat we liave 

7:0 dy^^iaf\e))=dy,{af) 

-Er,j,p^jriy,,{af\e),ai'\e))N]^%a^P{e),a^^^)a^^\e), 

wliere vr : Cq{Y, ji) -^ ®fcC'(q)(^0;Sfc) is tlie projection induced from the iden- 
tification of tlie moduli spaces in [p. In order to prove this relation, consider 
1-dimensional moduli spaces A^^ °{a, (e),ap ) and their compactification. 
We have boundary strata 

U„(o) MyAaf\e),af\e)) x A^fo(ai°)(6),af )U 



(o)^.^ .(l)^.^^ ^ a^w/„. (1). n „(o). 



U,a) MyAari<^),<'i^)) X A^r(«r(^),«r) 
U,(o) Mf\af\e),af'>) x My,,,,{af\a^^\ 



U 



Using the results of Corollary |5.2| and p.4| we can identify these expressions 
with 

MyAaf\e),ai'\e))U 



M JO), 



U,(i) MyAar{e),al'\e)) x A4f"(al^^(6),af )U 



When keeping into account the orientations, this yields the desired formula. 
o 

Using this result we obtain the following. 
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Lemma 7.2 Suppose given a cycle in ^ • Xja, in Cu\{YQ,5k)- The image 
of^j XjQ, under the connecting homomorphism A is given by 



3 3 

that is, by the algebraic counting of flow lines in 

for degY,^{af\e)) - degYja^\e)) = 1. 

Proof. Using the result of Theorem |6.9| we can write (^) equivalently as 

T.i,j XjnYA"'f\a\^^)a'i^\e) 

+ Ei,,p x.nyAaf (6), a« (e))iVf i (a« , af {e))af {e). 
By comparing this expression with 

E,-^,ny,^(af(6),af)(6))af)(6) + 
E,- x.nvAaf (6), af ) (6))iVf ^ (af ^ , 4°^ {e))af^ (e), 
we obtain 

This completes the proof, 
o 

7.1 The surgery triangle 

In this section we give a different description of the connecting homomor- 
phism. This will prove that, in the e ^ limit of the surgery perturbation, 
the exact triangle for Seiberg-Witten Floer homology is a surgery triangle. 



62 



that is, the connecting honioniorphisni in the exact sequence can also be de- 
scribed as a map w1 induced by a surgery cobordism W2-, and the resulting 
diagram 

c,{Yi) ^ c,{Y,ij) ^ efcq,)(yo,Sfc) ^ c,{y{)[~i] 

is a distinguished triangle, cf. Q, Q, Q. 

Proposition 7.3 The connecting honioniorphisni A in the exact triangle is 
given by the following expression, 



Ai^x,af^) = wl{J2: 

3 3 

for any cycle ^ ■ xjq- in C(^^-^{YQ,5k), for some 5k, where 

wl : efcC(,)(yo,sfc) -^ c,(y,/x) 

is the honioniorphisni defined by counting solutions in the zero- dimensional 
components of the moduli spaces 

over the cobordism W2- 

Proof. We only need to prove that the algebraic counting of flow lines in 

agrees with the algebraic counting of monopoles in the zero-dimensional 
components of A^^ '^{a, ,al ). 

We begin with a few observations on the topology of the cobordisms. 
Recall that we have W = WoDyWi. Moreover, we can write W = W2#CP'^, 
where the generator of the homology of the CP^ summand is the surface 
S'^ = Dq Uk D\, with D^ the core handles of the cobordisms Wq and Wi. 
In our analysis of the geometric limits of solutions, we have considered the 
punctured cobordisms Wi and Wq. It is convenient here to consider the 
punctured Wi = Wi\{xi} and Wq = Wo\{a^o}) obtained by removing points 
{xi} inside the core disks D^. Now consider the doubly punctured space 

W\{xo,xi}^w'i^yW'o, 
63 



with a metric that has cyhndrical ends 5^ x [0, oo) at the punctures and 
stretched regions T^ x [— r, r] inside the standard Heegaard sphttings of these 
S^ and along the product regions connecting the sohd tori in the Heegaard 
sphttings of (S^ to the tubular neighborhoods of the knot in Yi, Y, and Yq. 
Then the sphere S"^ = Dq Uk D\ corresponds to a cylinder 

S\{xQ,xi] ^ S^ xM 

in Ty\{xo,xi}. 

Thus, when removing the points xq and xi, the CP^ summand in W 
becomes a disk bundle <S over the cylinder S^ x M, which, with respect to 
a fixed trivialization at the two ends, has Euler number +1. In turn, the 
doubly punctured cobordism W2\{xq,xi} is obtained by replacing this disk 
bundle with the trivial disk bundle 5o = -D^ x 5^ x M. 

Now we proceed to compare the geometric limits of solutions in 



MYxRAaji^)^^i'i^)) and Mp{a'; 



a} 



There are two distinct cases: these correspond to (d) and (e) of Figure Q. 
Case 1. Consider geometric limits of solutions on the doubly punctured 
cobordism W\{xo,xi}. By the previous analysis of the geometric limits of 
solutions on the punctured cobordisms Wi and Wq , together with the gluing 
theorem for ■M^k^'^i '"« )' '^^lich in this case gives 

Mf^{af\af\e)).Mp{af\e),af^)U 

for zero-dimensional moduli spaces, we obtain geometric limits as in Figure 
§, (a), (b). These reduce to solutions on the once punctured W^2\{a^2} that 
have geometric limits as in Figure ^ (d). The counting 



implies that the total counting of these solutions in the zero-dimensional 



moduli space 7V1, ^{a) ,a- ) is zero. Notice that, in this case we have 



-A^y(r)xR,A.(af^(e)>af^(e)) 
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therefore we also have nY,i_i{aj {e),a- (e)) = 0. 

Case 2. In this case, the zero-dimensional moduli space A4^ '^{a, ,a^ ) is 
obtained from approximate solutions of the form 

MvxR{[A,ip],[A,i!],aoo)i^A, 

with A a triangle as in Figure | (e), and ([vl, V'], [A, V*]; ^oo) is the admissible 
triple with respect to {a, ,a\ ). (The corresponding holomorphic triangle 
for geometric limits on ly — {xo,2;i} is illustrated in Figure 4 (c).) This 
means that, in forming the preglued solutions, elements in the moduli spaces 

MvxR{[A,'il^],[A,i!],aoo) 

that differ by a translation will give rise to the same solution on W2- Notice 
that geometric limits for MY{r)xR{'^j {^)-,'^i i^)) are given by 

with A^ a holomorphic disk in i7^(T^,]R) with boundary along arcs of ^^ 
and £ connecting the asymptotic limits of a^ (e),oJ (e) respectively, the 

corresponding admissible triple is {[A, ipY , [A, ipY , Uoo) for {a- {e),al (e)). 
As we let e — > these geometric limits approximate geometric limits 

MvxR{[A,^],[A,^P],aoo)#A 

of A4f, '^{a- ,a^ ). Under the gluing map, we obtain that the algebraic 
counting of solutions in the zero-dimensional moduli space A4f^ '^(a, ,a^ ) 
agrees with the algebraic counting of flow lines in M.YxR,tM{uj {e),al (e)), 

iVr(af,a«)=n^„(af (.),««(.)). 

This completes the proof. 
o 

Let us recall briefly the following definitions of homological algebra, cf. 

p. 

A triangle (in a category of complexes) is a diagram of the form 

i^. A L.Am, ^i^.hii. 
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(e) 



Figure 4: triangles on W2 

Here we take complexes with differentials of degree (—1) for consistency 
with our notation. -ftT, [n] is the n-th shift with Ki[n] = Ki^n, and dx[n] = 
{—l)'^dK- A triangle is distinguished if it is quasi-isomorphic to a diagram 
of the form 

K, ^ Cyl{u) ^ C{u) ^ K,[-l]. 

Here Cyl(n) and C(n) are the cylinder and the cone on the morphism u, 
defined as in [|^ pg.l54 (up to adjusting notations to differentials of degree 
(—1)), and 5 is the connecting homomorphism. 

With this notation and the previous results, we can rephrase our main 
result as the following Proposition. 

Proposition 7.4 For sufficiently small e < eo in the surgery perturbation 
/i, the sequence 

is a distinguished triangle. 
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Proof. The result follows from the previous results, together with Proposi- 



tion 5, pg.l57 of ||l^. In fact, we have proven that, as e ^ 0, the sequence 



^ c,{Yi) ^ a(y,/x) ^ efeC(,)(yo,5fe) ^ o 



is an exact triple of complexes ([|l^ pg. 42). Proposition 5, pg.l57 of [^] 

then gives the result. 

o 
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